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ÏÅÐÅÄÌÎÂÀ

Â ìîíîãðàôi¨ âïåðøå ñèñòåìàòè÷íî âèêëàäåíî ìåòîä óçàãàëüíåíèõ ìîìåíòíèõ çîáðà-

æåíü, çàïðîïîíîâàíèé Â.Ê.Äçÿäèêîì â 1981 ð., òà éîãî çàñòîñóâàííÿ äî ïîáóäîâè i äîñëiä-

æåííÿ ðàöiîíàëüíèõ àïðîêñèìàöié àíàëiòè÷íèõ òà ñïåöiàëüíèõ ôóíêöié.

Â ïåðøîìó ðîçäiëi íàâîäÿòüñÿ ïîïåðåäíi äàíi ïðî àïðîêñèìàöi¨ Ïàäå i êîðîòêèé iñòî-

ðè÷íèé îãëÿä ¨õ ñòàíîâëåííÿ òà ðîçâèòêó. Çîêðåìà, îïèñàíî ïiäõiä äî âèâ÷åííÿ àïðîê-

ñèìàöié Ïàäå, îñíîâàíèé íà êëàñè÷íié ïðîáëåìi ìîìåíòiâ. Íàâåäåíî îñíîâíi òåîðåìè, íà

ÿêèõ ãðóíòó¹òüñÿ çàñòîñóâàííÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäîâè òà äîñëiä-

æåííÿ àïðîêñèìàöié Ïàäå. Âñòàíîâëåíî òåîðåìè iñíóâàííÿ äëÿ óçàãàëüíåíèõ ìîìåíòíèõ

çîáðàæåíü.

Â äðóãîìó ðîçäiëi ïîáóäîâàíî óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ äëÿ öiëîãî ðÿäó åëå-

ìåíòàðíèõ òà ñïåöiàëüíèõ ôóíêöié.

Òðåòié ðîçäië ïðèñâÿ÷åíî ðîçãëÿäó âëàñòèâîñòåé áiîðòîãîíàëüíèõ ïîëiíîìiâ òà ¨õ çà-

ñòîñóâàííþ äî âñòàíîâëåííÿ òåîðåì iíâàðiàíòíîñòi äëÿ àïðîêñèìàöié Ïàäå.

Â ÷åòâåðòîìó ðîçäiëi çà äîïîìîãîþ ìåòîäó óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü ïîáó-

äîâàíî òà äîñëiäæåíî àïðîêñèìàöi¨ Ïàäå äëÿ ðÿäó åëåìåíòàðíèõ òà ñïåöiàëüíèõ ôóíêöié.

Ï'ÿòèé ðîçäië ïðèñâÿ÷åíî çàñòîñóâàííþ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäî-

âè òà âèâ÷åííÿ ñóìiñíèõ àïðîêñèìàöié Ïàäå, àïðîêñèìàöié Ïàäå-×åáèøåâà òà äâîòî÷êîâèõ

àïðîêñèìàöié Ïàäå.

Íóìåðàöiÿ ïàðàãðàôiâ, òåîðåì, ëåì, çàóâàæåíü, îçíà÷åíü, ôîðìóë ¹ îêðåìîþ â êîæíî-

ìó ðîçäiëi, i òîìó ïðè ïåðåõðåñíèõ ïîñèëàííÿõ äîäàòêîâî âêàçó¹òüñÿ íîìåð ðîçäiëó.
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Ð Î Ç Ä I Ë 1

ÀÏÐÎÊÑÈÌÀÖI� ÏÀÄÅ. ÊËÀÑÈ×ÍÀ ÏÐÎÁËÅÌÀ ÌÎÌÅÍÒIÂ

ÒÀ ÓÇÀÃÀËÜÍÅÍI ÌÎÌÅÍÒÍI ÇÎÁÐÀÆÅÍÍß

� 1. Àïðîêñèìàöi¨ Ïàäå

Â äðóãié ïîëîâèíi ìèíóëîãî ñòîði÷÷ÿ â áåçïîñåðåäíüîìó çâ'ÿçêó ç áóðõëèâèì ðîçâèò-

êîì îá÷èñëþâàëüíî¨ òåõíiêè çíà÷íî çðiñ iíòåðåñ äî âèâ÷åííÿ ìåòîäiâ ÷èñåëüíîãî àíàëiçó

i, çîêðåìà, ìåòîäiâ òåîði¨ íàáëèæåííÿ ôóíêöié. Ïîðÿä ç êëàñè÷íèìè ìíîãî÷ëåííèìè íàá-

ëèæåííÿìè, òðèãîíîìåòðè÷íèìè ïîëiíîìàìè, ñïëàéíàìè, âåéâëåòàìè òà ií. ïèëüíà óâàãà

äîñëiäíèêiâ íå îáìèíóëà i òåîðiþ ðàöiîíàëüíî¨ àïðîêñèìàöi¨. Iñòîðè÷íî ðàöiîíàëüíi íà-

áëèæåííÿ (òîáòî íàáëèæåííÿ âiäíîøåííÿìè äâîõ àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ) âïåðøå âè-

íèêëè ÿê ïiäõiäíi äðîáè ëàíöþãîâèõ äðîáiâ (äèâ. [45]). Òàêi äðîáè ðîçãëÿäàëèñÿ Ë. Åéëå-

ðîì, Æ. Ëàãðàíæåì, Ë. Ãàóññîì òà ií. Âèÿâèëîñÿ, ùî ìåòîäè íàáëèæåííÿ ðàöiîíàëüíèìè

ôóíêöiÿìè äàþòü ìîæëèâiñòü åôåêòèâíî ðîçâ'ÿçóâàòè ðÿä âàæëèâèõ ïðèêëàäíèõ çàäà÷.

Â îñíîâíîìó öå ïîâ'ÿçàíî ç äi¹þ òðüîõ ôàêòîðiâ:

1) ó áàãàòüîõ âàæëèâèõ âèïàäêàõ øâèäêiñòü çáiæíîñòi ðàöiîíàëüíèõ íàáëèæåíü çíà÷-

íî ïåðåâèùó¹ øâèäêiñòü çáiæíîñòi ïîëiíîìiàëüíèõ íàáëèæåíü Òàê, ñêàæiìî, âåëè÷èíà

EN,N (ez;CKR
) íàéêðàùîãî ðiâíîìiðíîãî íàáëèæåííÿ ôóíêöi¨ ez ðàöiîíàëüíèìè ïîëiíî-

ìàìè âèãëÿäó

RN,N(z) =
PN(z)

QN(z)
,

äå PN(z) òà QN(z) - àëãåáðà¨÷íi ìíîãî÷ëåíè ñòåïåíiâ ≤ N â êðóçi KR = {z : |z| ≤ R}
äîïóñêà¹ îöiíêó

EN,N (ez;CKR
) ≤ A · 4−NE2N (ez;CKR

) ,

äå A = const, à E2N (ez;CKR
) - âåëè÷èíà íàéêðàùîãî ðiâíîìiðíîãî íàáëèæåííÿ ôóíêöi¨

ez â êðóçi KR çà äîïîìîãîþ àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ ñòåïåíÿ ≤ 2N. Iíàêøå êàæó÷è,

ôóíêöiÿ ez â êðóçi KR ðàöiîíàëüíèìè ïîëiíîìàìè íàáëèæó¹òüñÿ â 4N ðàçiâ êðàùå, íiæ

àëãåáðà¨÷íèìè ìíîãî÷ëåíàìè ç òi¹þ æ êiëüêiñòþ êîåôiöi¹íòiâ (äèâ. [53, c.243]). Âiäîìî

òàêîæ, íàïðèêëàä, ùî ôóíêöiþ |x| íà âiäðiçêó [−1, 1] íå ìîæíà íàáëèçèòè àëãåáðà¨÷íèìè

ìíîãî÷ëåíàìè òàê, ùîá ïîðÿäîê íàáëèæåííÿ áóâ êðàùèì çà 1
N
, äå N - ñòåïiíü ìíîãî÷ëåíà.

Ðàçîì ç òèì âñòàíîâëåíî, ùî

EN,N (|z|;C[−1, 1]) ≤ 3

e
√
2N

(äèâ. [53, c.243]);

2) äóæå ÷àñòî îáëàñòü çáiæíîñòi ðàöiîíàëüíèõ íàáëèæåíü ¹ øèðøîþ çà îáëàñòü çáiæ-

íîñòi ñòåïåíåâèõ ðÿäiâ, ÿêi çàçâè÷àé âèêîðèñòîâóþòüñÿ â ïðèêëàäíèõ äîñëiäæåííÿõ. Íà-
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ïðèêëàä, ðàöiîíàëüíi ïîëiíîìè Ïàäå ôóíêöi¨ arctgz âèãëÿäó

RN,N(z) =
PN(z)

QN(z)
,

äå PN(z) òà QN(z) - àëãåáðà¨÷íi ìíîãî÷ëåíè ñòåïåíiâ ≤ N, çáiãàþòüñÿ äî íå¨ ðiâíîìiðíî

íà êîæíîìó êîìïàêòi ç çiðêè Ìiòòàã-Ëåôôëåðà C \ ((−i∞,−i] ∪ [i, i∞)) . Ðàçîì ç òèì

ìíîãî÷ëåíè Òåéëîðà ôóíêöi¨ arctgz çáiãàþòüñÿ ëèøå âñåðåäèíi êðóãà K1 = {z : |z| ≤ 1} ;
3) â äåÿêèõ ïðàêòè÷íèõ çàäà÷àõ âèíèêà¹ íåîáõiäíiñòü îáðàõîâóâàòè ðîçòàøóâàííÿ îñîá-

ëèâèõ òî÷îê íàáëèæóâàíèõ ôóíêöié, i ñàìå äîñëiäæåííÿ ðàöiîíàëüíèõ íàáëèæåíü, ùî

ìàþòü ïîëþñè â êîìïëåêñíié ïëîùèíi, äîçâîëÿ¹ ðîçâ'ÿçóâàòè òàêi çàäà÷i.

Â òåîði¨ ðàöiîíàëüíî¨ àïðîêñèìàöi¨ àíàëiòè÷íèõ ôóíêöié îäíó ç öåíòðàëüíèõ ðîëåé

âiäiãðàþòü òàê çâàíi àïðîêñèìàíòè (àáî æ ïîëiíîìè) Ïàäå, ÿêi ¹ ïðèðîäíèìè óçàãàëü-

íåííÿìè ìíîãî÷ëåíiâ Òåéëîðà â òîìó ðîçóìiííi, ùî âîíè çäiéñíþþòü íàéêðàùi ëîêàëüíi

ðàöiîíàëüíi íàáëèæåííÿ ôóíêöié.

Îçíà÷åííÿ 1 (äèâ. [5, c. 31]). Áóäåìî ãîâîðèòè, ùî ðàöiîíàëüíà ôóíêöiÿ

[M/N ]f (z) =
PM(z)

QN(z)
,

äå PM òà QN � àëãåáðà¨÷íi ìîãî÷ëåíè ñòåïåíiâ ≤ M òà ≤ N âiäïîâiäíî, ¹ àïðîêñèìàíòîþ

Ïàäå ïîðÿäêó [M/N ] ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó

f(z) =
∞∑
k=0

skz
k, (1)

ÿêùî

f(z)− [M/N ]f (z) = O(zM+N+1) ïðè z → 0, (2)

òîáòî ðîçêëàä ðàöiîíàëüíî¨ ôóíêöi¨ [M/N ]f (z) â ñòåïåíåâèé ðÿä ñïiâïàäà¹ ç ðîçêëàäîì

(1) äî ÷ëåíà, ùî ìiñòèòü zM+N , âêëþ÷íî.

Íàäàëi áóäåìî ïîçíà÷àòè ÷åðåç R[M/N ] êëàñ âñiõ ðàöiîíàëüíèõ ôóíêöié âèãëÿäó PM (z)
QN (z)

òàêèõ, ùî degPM ≤ M i degQN ≤ N.

Àïðîêñèìàíòè Ïàäå áóëè çàïðîâàäæåíi íiìåöüêèì ìàòåìàòèêîì Ê. ßêîái ó 1846 ð.

[182], i íèì æå áóëè ïîáóäîâàíi äåòåðìiíàíòíi âèðàçè äëÿ àïðîêñèìàíò Ïàäå ÷åðåç êîåôi-

öi¹íòè ñòåïåíåâîãî ðîçêëàäó íàáëèæóâàíî¨ ôóíêöi¨.

Íåõàé {sk}∞k=0 � ïîñëiäîâíiñòü êîåôiöi¹íòiâ ñòåïåíåâîãî ðÿäó f âèãëÿäó (1). Çàïèøåìî

ìíîãî÷ëåíè PM òà QN ç íåâèçíà÷åíèìè êîåôiöi¹íòàìè

PM(z) =
M∑
j=0

p
(M)
j zj,
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QN(z) =
N∑
j=0

q
(N)
j zj.

Ç (2) ìàòèìåìî

∞∑
k=0

skz
k ·

N∑
j=0

q
(N)
j zj −

M∑
j=0

p
(M)
j zj = O(zM+N+1) ïðè z → 0. (3)

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè zj, j = 0,M +N, â ëiâié òà ïðàâié ÷àñòèíi (3), áà÷èìî, ùî

äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ìíîãî÷ëåíiâ PM òà QN ïîòðiáíî ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ

àëãåáðà¨÷íèõ ðiâíÿíü. Ñêîðèñòà¹ìîñÿ äëÿ öüîãî ôîðìóëàìè Êðàìåðà (äèâ. [61, ñ.128]).

Ðîçãëÿíåìo âèçíà÷íèêè

HL,N = det∥sL+k+j∥Nk,j=0 =

∣∣∣∣∣∣∣∣∣∣∣∣

sL sL+1 · · · sL+N

sL+1 sL+2 · · · sL+N+1

. . . . . . . . . . . .

. . . . . . . . . . . .

sL+N sL+N+1 · · · sL+2N

∣∣∣∣∣∣∣∣∣∣∣∣
. (4)

Áóäåìî íàçèâàòè òàêi âèçíà÷íèêè âèçíà÷íèêàìè Ãàíêåëÿ ïîñëiäîâíîñòi {sk}∞k=0. Ââåäåìî

äî ðîçãëÿäó òàêîæ àëãåáðà¨÷íi äîïîâíåííÿ AL,N,j, j = 0, N, åëåìåíòiâ îñòàííüîãî ðÿäêà

âèçíà÷íèêà (4). Ðåçóëüòàò Ê. ßêîái ïîëÿãà¹ â òîìó, ùî ó âèïàäêó âiäìiííîñòi âiä íóëÿ

âèçíà÷íèêà HM+1−N,N−1 ̸= 0 äëÿ ôóíêöi¨ f, ùî ìà¹ ðîçêëàä (1), iñíó¹ ¨¨ àïðîêñèìàíòà

Ïàäå ïîðÿäêó [M/N ] i âîíà ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi

[M/N ]f (z) =
PM(z)

QN(z)
,

äå

QN(z) =
N∑
j=0

AM+1−N,N,jz
N−j,

PM(z) =
N∑
j=0

AM+1−N,N,j

M−N+j∑
m=0

smz
N+m−j.

Çàçíà÷èìî, ùî â íàâåäåíèõ ôîðìóëàõ ïîêëàäåíî sm = 0, ÿêùî m < 0, i
∑j

m=i = 0, ÿêùî

j < i.

Íàäàëi íiìåöüêèé ìàòåìàòèê Ô. Ôðîáåíióñ ó 1881 ð. äîñëiäèâ àëãåáðà¨÷íi âëàñòèâîñòi

ïîëiíîìiâ Ïàäå i âñòàíîâèâ òîòîæíîñòi äëÿ ïîëiíîìiâ Ïàäå, ÷èñåëüíèêè òà çíàìåííèêè

ÿêèõ ìàþòü ñòåïåíi, ùî âiäðiçíÿþòüñÿ íå áiëüøå, íiæ íà îäèíèöþ [161]. Íàðåøòi ó ñåði¨

ïðàöü, îïóáëiêîâàíèõ ç 1892 ïî 1907 ðð., ôðàíöóçüêèé ìàòåìàòèê Àíði Ïàäå ðîçòàøóâàâ

8



ïîëiíîìè Ïàäå â äâîïàðàìåòðè÷íó íàïiâíåñêií÷åííó òàáëèöþ, ùî íèíi íàçèâà¹òüñÿ òàáëè-

öåþ Ïàäå, âèâ÷èâ ñòðóêòóðó öi¹¨ òàáëèöi, à òàêîæ ïîáóäóâàâ i äîñëiäèâ ïåðøó ïiääiàãîíàëü

òàáëèöi Ïàäå äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ Ãàóñà 2F1(1, σ; ρ + 1; z) òà âèðîäæåíî¨ ãiïåð-

ãåîìåòðè÷íî¨ ôóíêöi¨ 1F1(1; ν + 1; z) [212,213].

Îçíà÷åííÿ 2. Íåõàé f � ôîðìàëüíèé ñòåïåíåâèé ðÿä. Òàáëèöåþ Ïàäå, ùî âiäïîâiäà¹ f,

áóäåìî íàçèâàòè äâîïàðàìåòðè÷íó íàïiâíåñêií÷åííó òàáëèöþ, åëåìåíòàìè ÿêî¨ ¹ àïðîêñè-

ìàíòè Ïàäå [M/N ]f (z) (ÿêùî âîíè iñíóþòü)

[0/0]f (z) [1/0]f (z) · · · [M/0]f (z) · · ·
[0/1]f (z) [1/1]f (z) · · · [M/1]f (z) · · ·

· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·

[0/N ]f (z) [1/N ]f (z) · · · [M/N ]f (z) · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·

.

Âåðõíié ðÿäîê òàáëèöi Ïàäå ñêëàäàþòü åëåìåíòè [M/0]f (z), M = 0,∞, ÿêi ¹ ÷àñòèííèìè

ñóìàìè ðÿäó (1), àáî æ ìíîãî÷ëåíàìè Òåéëîðà�Ìàêëîðåíà ôóíêöi¨ f. Ïî÷èíàþ÷è ç ðîáîòè

Ìîíòåññó äå Áîëîðà [207], áàãàòî äîñëiäæåíü áóëî ïðèñâÿ÷åíî âèâ÷åííþ ïîâåäiíêè ðÿäêiâ

òàáëèöi Ïàäå (äèâ. [11,13,38,91,194]), àëå íàéáiëüøèé iíòåðåñ âèêëèêà¹ âèâ÷åííÿ ïîâåäiíêè

åëåìåíòiâ äiàãîíàëi òà ïåðøî¨ ïiääiàãîíàëi òàáëèöi Ïàäå, òîáòî àïðîêñèìàíò Ïàäå ïîðÿäêiâ

[N/N ], N = 0,∞, òà [N − 1/N ], N = 1,∞.

� 2. Êëàñè÷íà ïðîáëåìà ìîìåíòiâ

Îäíèì ç íàéáiëüø ãëèáîêèõ äîñÿãíåíü êëàñè÷íîãî ïåðiîäó ðîçâèòêó òåîði¨ àïðîêñè-

ìàöié Ïàäå ñòàëî ç'ÿñóâàííÿ ¨õ òiñíèõ çâ'ÿçêiâ ç êëàñè÷íîþ ïðîáëåìîþ ìîìåíòiâ òà òåî-

ði¹þ ëàíöþãîâèõ äðîáiâ. Çàïî÷àòêóâàëè öåé íàïðÿìîê ðîñiéñüêèé ìàòåìàòèê Ï. ×åáèøåâ

[106] òà ãîëàíäñüêèé ìàòåìàòèê Ò. Ñòiëòü¹ñ [99], çíà÷íèé âíåñîê áóëî çðîáëåíî ðîñiéñü-

êèì ìàòåìàòèêîì À. Ìàðêîâèì [67], íiìåöüêèìè ìàòåìàòèêàìè Ã. Ãàìáóðãåðîì [169] òà

Ô. Õàóñäîðôîì [170].

Îçíà÷åííÿ 3. Êëàñè÷íà ïðîáëåìà ìîìåíòiâ íà áîðåëiâñüêié ïiäìíîæèíi äiéñíî¨ îñi ∆ ⊂
R ïîëÿãà¹ ó òîìó, ùîá çà çàäàíîþ ÷èñëîâîþ ïîñëiäîâíiñòþ {sk}∞k=0 âèçíà÷èòè íåâiä'¹ìíó

ìiðó dµ íà ∆, äëÿ ÿêî¨ âèêîíóâàëèñü áè ðiâíîñòi

sk =

∫
∆

tkdµ(t), k = 0,∞. (5)

Äëÿ ôóíêöié f, êîåôiöi¹íòè ñòåïåíåâèõ ðîçêëàäiâ ÿêèõ ìîæóòü áóòè ïðåäñòàâëåíi ó

âèãëÿäi (5), ¨õ àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ], N ≥ 1 (òîáòî åëåìåíòè ïåðøî¨ ïiä-
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äiàãîíàëi òàáëèöi Ïàäå) ìîæóòü áóòè ïîáóäîâàíi â òåðìiíàõ ìíîãî÷ëåíiâ, îðòîãîíàëüíèõ

íà ∆ çà ìiðîþ dµ, à ñàìå, ÿêùî ïîçíà÷èòè ÷åðåç {AN(t)}∞N=0 ïîñëiäîâíiñòü íåòðèâiàëüíèõ

àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ òàêèõ, ùî∫
∆

AN(t)AM(t)dµ(t) = 0 ïðè M ̸= N,

òî

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) = zNAN(1/z),

a

PN−1(z) = zN−1

∫
∆

AN(1/z)− AN(t)

1/z − t
dµ(t).

Äiéñíî, ëåãêî áà÷èòè, ùî

f(z)QN(z)− PN−1(z) = zN
∫
∆

AN(1/z)

1− zt
dµ(t)−

−zN
∫
∆

AN(1/z)− AN(t)

1− zt
dµ(t) = zN

∫
∆

AN(t)

1− zt
dµ(t) =

= zN
∫
∆

{
1

1− zt
− 1− zt− . . .− zN−1tN−1

}
AN(t)dµ(t) = O(z2N) ïðè z → 0.

Öÿ îáñòàâèíà ¹ âèçíà÷àëüíîþ äëÿ âèâ÷åííÿ àïðîêñèìàíò Ïàäå òàê çâàíèõ ìàðêîâñüêèõ

ôóíêöié, òîáòî ôóíêöié, çîáðàæóâàíèõ ó âèãëÿäi:

f(z) =

∫
∆

dµ(t)

1− zt
. (6)

Ïðèêëàä ([16]). Ïîñëiäîâíiñòü êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
arcsin

√
z√

z
=

∞∑
k=0

(2k − 1)!!

(2k)!!(2k + 1)
zk, |z| ≤ 1, (7)

çàäîâîëüíÿ¹ êëàñè÷íó ñòåïåíåâó ïðîáëåìó ìîìåíòiâ Õàóñäîðôà âèãëÿäó

sk =
(2k + 1)!!

(2k)!!(2k + 1)
=

1∫
0

tkσ(t)dt, (8)

äå

σ(t) =
1

2π
√
t
ln

(
1 +

√
1− t

1−
√
1− t

)
.
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Äiéñíî, êîðèñòóþ÷èñü âëàñòèâîñòÿìè áåòà-ôóíêöi¨ Åéëåðà [98, c.84], ìà¹ìî

sk =
(2k + 1)!!

(2k)!!(2k + 1)
=

1

2k + 1

(
k − 1

2

) (
k − 3

2

)
· . . . · 1

2
· 2k

k! · 2k
=

=
Γ
(
k + 1

2

)
Γ
(
1
2

)
πΓ(k + 1)(2k + 1)

=
1

π(2k + 1)
B

(
k +

1

2
,
1

2

)
=

1

π(2k + 1)

1∫
0

tk−
1
2 (1− t)−

1
2dt =

=
1

2π

1∫
0

1

t
√
1− t

t∫
0

τ k−
1
2dτdt =

1

2π
lim
ε→+0

1∫
0

dt

t
√
1− t

ε∫
0

τ k−
1
2dτ+

+
1

2π
lim
ε→+0

1∫
ε

τ k−
1
2

1∫
τ

1

t
√
1− t

dtdτ.

Ïåðøèé äîäàíîê ïðèïóñêà¹ îöiíêó∣∣∣∣∣∣
1∫

0

dt

t
√
1− t

ε∫
0

τ k−
1
2dτ

∣∣∣∣∣∣ ≤ εk+
1
2
1

εr
B

(
r,
1

2

)
→ 0

ïðè 0 < r < k + 1
2
i ε → 0, çâiäêè i âèïëèâà¹ ñïðàâåäëèâiñòü ôîðìóëè (8). À òîìó íà

îñíîâi, íàïðèêëàä, [113] ìîæíà çðîáèòè âèñíîâîê ïðî òå, ùî ïîñëiäîâíiñòü àïðîêñèìàíò

Ïàäå [N + M/N ]f (z), M ≥ −1, N ≥ max{−M ; 0} áóäóòü çáiãàòèñÿ äî ôóíêöi¨ (7) ïðè

N → ∞ ðiâíîìiðíî íà êîæíîìó êîìïàêòi ç C \ [+1,∞).

Äîñëiäæåííþ âñüîãî êîëà ïèòàíü, ïîâ'ÿçàíèõ ç êëàñè÷íîþ ïðîáëåìîþ ìîìåíòiâ, ïðè-

ñâÿ÷åíà ìîíîãðàôiÿ Í. Àõi¹çåðà [4]. Â ïîäàëüøîìó çíà÷íèé âíåñîê â âèâ÷åííÿ àïðîêñè-

ìàíò Ïàäå ìàðêîâñüêèõ ôóíêöié, çîêðåìà, ó âèïàäêàõ, êîëè ïiäìíîæèíà∆ ¹ íåîáìåæåíîþ

àáî ¹ îá'¹äíàííÿì êiëüêîõ ñåãìåíòiâ äiéñíî¨ îñi, ùî âçà¹ìíî íå ïåðåòèíàþòüñÿ, áóëî çðîá-

ëåíî À. Ãîí÷àðîì [36], �. Ðàõìàíîâèì [82-84], Ê. Ëóíãó [65], ß. Ãiëåâè÷åì [184], Þ. Ëþêîì

[201], Äæ. Áåéêåðîì [120], Â. Ãàó÷i [162], Ï. Âiííîì [234] òà ií. Â ðîáîòàõ Å. Õåíäðiêñåíà

òà Ã. âàí Ðîññóìà [171,172], Äæ. Íàòîëëà òà Ñ. Ñiíãõà [211], Ã. Øòàëÿ [223] òà ií. îòðèìàíî

ðÿä ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ ïîâåäiíêè àïðîêñèìàíò Ïàäå ôóíêöié âèãëÿäó (6) ó âè-

ïàäêó çíàêîçìiííî¨ àáî æ êîìïëåêñíî¨ ìiðè dµ, à òàêîæ ó âèïàäêó, êîëè ∆ ¹ ïiäìíîæèíîþ

êîìïëåêñíî¨ ïëîùèíè.

Ùî æ ñòîñó¹òüñÿ ôóíêöié, íå çîáðàæóâàíèõ ó âèãëÿäi (6), òî ïîòðiáíî â ïåðøó ÷åð-

ãó âêàçàòè íà äîñëiäæåííÿ Ð. Àðìñà òà À. Åäðåÿ [118,157-160] àïðîêñèìàöié Ïàäå ÷à-

ñòîòíèõ ðÿäiâ Ïîéà, ùî ¹ òâiðíèìè ôóíêöiÿìè öiëêîì ïîçèòèâíèõ ïîñëiäîâíîñòåé, à

òàêîæ äîñëiäæåííÿ àïðîêñèìàöié Ïàäå ðÿäó îêðåìèõ ñïåöiàëüíèõ ôóíêöié, âèêîíàíi

Þ. Ëþêîì [66,198,199]. Äèâ.òàêîæ [12,42,56,63,71,103,104,125,138,174,185,188,190-193,195-

197,203,205,206,216,224-227,232,233].
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� 3. Ïîïåðåäíi äàíi ïðî ëiíiéíi ïðîñòîðè òà ëiíiéíi îïåðàòîðè

Íàâåäåìî íåîáõiäíi â ïîäàëüøîìó âiäîìîñòi ç ôóíêöiîíàëüíîãî àíàëiçó.

Îçíà÷åííÿ 4 [88, ñ.11]. Ìíîæèíà X íàçèâà¹òüñÿ ëiíiéíèì ïðîñòîðîì íàä ïîëåì êîì-

ïëåêñíèõ ÷èñåë C (àáî æ êîìïëåêñíèì ëiíiéíèì ïðîñòîðîì), ÿêùî â íié âèçíà÷åíi äâi

îïåðàöi¨ - äîäàâàííÿ òà ìíîæåííÿ íà ñêàëÿðè, ÿêi ìàþòü íàñòóïíi âëàñòèâîñòi:

i) êîæíié ïàði åëåìåíòiâ x, y ∈ X ñïiâñòàâëåíî åëåìåíò x+y ∈ X , ïðè÷îìó äëÿ êîæíèõ

x, y, z ∈ X âèêîíóþòüñÿ ñïiââiäíîøåííÿ x + y = y + x i x + (y + z) = (x + y) + z; â X

iñíó¹ ¹äèíèé åëåìåíò 0 òàêèé, ùî x+0 = x äëÿ êîæíîãî x ∈ X ; äëÿ êîæíîãî x ∈ X iñíó¹

¹äèíèé åëåìåíò −x òàêèé, ùî x+ (−x) = 0;

ii) êîæíié ïàði (α, x), äå α ∈ C, x ∈ X , ñïiâñòàâëåíî åëåìåíò αx ∈ X , ïðè÷îìó 1·x = x,

α(βx) = (αβ)x äëÿ êîæíèõ α, β ∈ C òà êîæíîãî x ∈ X ;

iii) âèêîíóþòüñÿ äâà äèñòðèáóòèâíèõ çàêîíè α(x+ y) = αx+ αy òà (α+ β)x = αx+ βx

äëÿ êîæíèõ α, β ∈ C òà êîæíèõ x, y ∈ X .

Îçíà÷åííÿ 5 [88, ñ.9]. Êîìïëåêñíèé ëiíiéíèé ïðîñòið X íàçèâà¹òüñÿ íîðìîâàíèì, ÿê-

ùî êîæíîìó åëåìåíòó x ∈ X ñïiâñòàâëåíî íåâiä'¹ìíå äiéñíå ÷èñëî ∥x∥, ùî íàçèâà¹òüñÿ

íîðìîþ åëåìåíòà x, òàê ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

i) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ äëÿ êîæíèõ x, y ∈ X (íåðiâíiñòü òðèêóòíèêà);

ii) ∥αx∥ = |α| · ∥x∥ äëÿ êîæíîãî x ∈ X òà êîæíîãî α ∈ C;
iii) ∥x∥ > 0, ÿêùî òiëüêè x ̸= 0.

Îçíà÷åííÿ 6 [88, ñ.329]. Êîìïëåêñíèé ëiíiéíèé ïðîñòið H íàçèâà¹òüñÿ óíiòàðíèì ïðî-

ñòîðîì, ÿêùî êîæíié âïîðÿäêîâàíié ïàði åëåìåíòiâ x, y ∈ H ñïiâñòàâëåíî êîìïëåêñíå

÷èñëî (x, y), ùî íàçèâà¹òüñÿ ñêàëÿðíèì äîáóòêîì, ïðè÷îìó äëÿ êîæíèõ x, y, z ∈ H i êîæ-

íîãî α ∈ C âèêîíóþòüñÿ íàñòóïíi óìîâè:

i) (y, x) = (x, y) (âåðõíÿ ðèñêà ¹ çíàêîì êîìïëåêñíîãî ñïðÿæåííÿ α = ℜα− iℑα);
ii) (x+ y, z) = (x, z) + (y, z);

iii) (αx, y) = α(x, y);

iv) (x, x) ≥ 0;

v) (x, x) = 0 ⇔ x = 0.

Â êîæíîìó óíiòàðíîìó ïðîñòîði âåëè÷èíà

∥x∥ = (x, x)1/2,

ÿê íåâàæêî ïåðåêîíàòèñÿ, âèçíà÷à¹ íîðìó.

Îçíà÷åííÿ 7 [88, ñ.20]. Îïåðàòîð A : X → Y , ùî ïåðåâîäèòü êîìïëåêñíèé ëiíiéíèé

ïðîñòið X â êîìïëåêñíèé ëiíiéíèé ïðîñòið Y , íàçèâà¹òüñÿ ëiíiéíèì, ÿêùî äëÿ êîæíèõ

x, y ∈ X òà êîæíèõ α, β ∈ C

A(αx+ βy) = αAx+ βAy.
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ßêùî Y ñïiâïàäà¹ ç ïîëåì ñêàëÿðiâ C, òî ëiíiéíèé îïåðàòîð A : X → Y íàçèâà¹òüñÿ

ëiíiéíèì ôóíêöiîíàëîì.

Îçíà÷åííÿ 8 [8, ñ.242]. Ëiíiéíèé îïåðàòîð A : X → Y , ùî ïåðåâîäèòü íîðìîâàíèé

ëiíiéíèé ïðîñòið X â íîðìîâàíèé ëiíiéíèé ïðîñòið Y , íàçèâà¹òüñÿ íåïåðåðâíèì (àáî æ

îáìåæåíèì), ÿêùî iñíó¹ êîíñòàíòà C > 0 òàêà, ùî äëÿ êîæíîãî x ∈ X

∥Ax∥ ≤ C∥x∥.

Ïðè öüîìó âåëè÷èíà

∥A∥ = sup

{
∥Ax∥
∥x∥

, x ∈ X , x ̸= 0

}
= sup {∥Ax∥ : ∥x∥ = 1} (9)

íàçèâà¹òüñÿ íîðìîþ ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà A.

Íåõàé X - íîðìîâàíèé ëiíiéíèé ïðîñòið. Ïîçíà÷èìî ÷åðåç X ∗ ñóêóïíiñòü âñiõ ëiíiéíèõ

íåïåðåðâíèõ ôóíêöiîíàëiâ íà X . Â X ∗ ïðèðîäíèì øëÿõîì ââîäèòüñÿ ñòðóêòóðà ëiíiéíîãî

ïðîñòîðó, à ñàìå:

i) äëÿ êîæíèõ l1, l2 ∈ X ∗ i êîæíîãî x ∈ X

(l1 + l2)(x) = l1(x) + l2(x);

ii) äëÿ êîæíîãî l ∈ X ∗, êîæíîãî x ∈ X òà êîæíîãî α ∈ C

(αl)(x) = αl(x).

ßêùî â X ∗ ââåñòè íîðìó çà ôîðìóëîþ (9), òî, ÿê íåâàæêî âïåâíèòèñÿ, âîíà áóäå çàäî-

âîëüíÿòè âñi óìîâè, âêàçàíi â îçíà÷åííi 5.

Îçíà÷åííÿ 9 [8, ñ.198]. Íåõàé X - íîðìîâàíèé ëiíiéíèé ïðîñòið. Òîäi íîðìîâàíèé ëiíié-

íèé ïðîñòið X ∗ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà X íàçèâà¹òüñÿ ñïðÿæåíèì äî ïðî-

ñòîðó X .

Îçíà÷åííÿ 10 [8, ñ.163]. Ïîñëiäîâíiñòü {xk}∞k=0 åëåìåíòiâ íîðìîâàíîãî ëiíiéíîãî ïðî-

ñòîðó X íàçèâà¹òüñÿ ôóíäàìåíòàëüíîþ, ÿêùî äëÿ êîæíîãî ε > 0 iñíó¹ N ∈ N òàêå, ùî

∀k, j ≥ N âèêîíóþòüñÿ íåðiâíîñòi ∥xk − xj∥ < ε.

Îçíà÷åííÿ 11 [8, ñ.163]. Íîðìîâàíèé ëiíiéíèé ïðîñòið X íàçèâà¹òüñÿ ïîâíèì, ÿêùî â

íüîìó êîæíà ôóíäàìåíòàëüíà ïîñëiäîâíiñòü {xk}∞k=0 çáiãà¹òüñÿ äî äåÿêîãî åëåìåíòà x ∈
X , òîáòî iñíó¹ x ∈ X òàêå, ùî ∥xk − x∥ → 0 ïðè k → ∞.

Ïîâíèé íîðìîâàíèé ëiíiéíèé ïðîñòið íàçèâà¹òüñÿ òàêîæ áàíàõîâèì ïðîñòîðîì. Ïîâ-

íèé óíiòàðíèé ïðîñòið íàçèâà¹òüñÿ ãiëüáåðòîâèì ïðîñòîðîì. Åëåìåíòè x, y ãiëüáåðòîâîãî

ïðîñòîðó H íàçèâàþòüñÿ îðòîãîíàëüíèìè, ÿêùî (x, y) = 0. Ïðè öüîìó ïèøóòü x ⊥ y.

Ñèñòåìà åëåìåíòiâ {xα}α∈A ãiëüáåðòîâîãî ïðîñòîðó H íàçèâà¹òüñÿ îðòîãîíàëüíîþ, ÿêùî
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áóäü-ÿêi äâà åëåìåíòè öi¹¨ ñèñòåìè ¹ îðòîãîíàëüíèìè. ßêùî, êðiì öüîãî, íîðìà êîæíîãî

åëåìåíòà xα äîðiâíþ¹ 1, òî ñèñòåìà {xα}α∈A íàçèâà¹òüñÿ îðòîíîðìîâàíîþ.

Ãiëüáåðòiâ ïðîñòið íàçèâà¹òüñÿ ñåïàðàáåëüíèì, ÿêùî â íüîìó iñíó¹ çëi÷åííà ñêðiçü

ùiëüíà ìíîæèíà. Âiäîìî [59, c.171], ùî îðòîíîðìîâàíà ñèñòåìà {xα}α∈A ñåïàðàáåëüíî-

ãî ãiëüáåðòîâîãî ïðîñòîðó H ¹ íå áiëüø íiæ çëi÷åííîþ. ßêùî ñåïàðàáåëüíèé ãiëüáåðòiâ

ïðîñòið H ¹ íåñêií÷åííîâèìiðíèì, òî â íüîìó iñíó¹ ïîâíà çëi÷åííà îðòîíîðìîâàíà ñèñòå-

ìà.

Îçíà÷åííÿ 12 [88, ñ.62]. Áiëiíiéíîþ ôîðìîþ, âèçíà÷åíîþ íà äîáóòêó ëiíiéíèõ ïðîñòîðiâ

X òà Y , íàçèâà¹òüñÿ âiäîáðàæåííÿ, ÿêå êîæíié ïàði åëåìåíòiâ x ∈ X òà y ∈ Y ñòàâèòü

ó âiäïîâiäíiñòü êîìïëåêñíå ÷èñëî ⟨x, y⟩ , ïðè÷îìó
i) äëÿ êîæíèõ x1, x2 ∈ X , êîæíîãî y ∈ Y òà êîæíèõ α1, α2 ∈ C

⟨α1x1 + α2x2, y⟩ = α1 ⟨x1, y⟩+ α2 ⟨x2, y⟩ ;

ii) äëÿ êîæíîãî x ∈ X , êîæíèõ y1, y2 ∈ Y òà êîæíèõ α1, α2 ∈ C

⟨x, α1y1 + α2y2y⟩ = α1 ⟨x, y1⟩+ α2 ⟨x, y2⟩ .

Î÷åâèäíî, ùî ÿêùî X - áàíàõiâ ïðîñòið, à X ∗ - ñïðÿæåíèé äî íüîãî ïðîñòið ëiíiéíèõ

íåïåðåðâíèõ ôóíêöiîíàëiâ íà X , òî ôîðìà

⟨x, y⟩ = y(x),

äå x ∈ X , y ∈ X ∗, à y(x) - çíà÷åííÿ ôóíêöiîíàëà y ∈ X ∗ íà åëåìåíòi x ∈ X , ¹ áiëiíié-

íîþ ôîðìîþ íà äîáóòêó ïðîñòîðiâ X òà X ∗. ßêùî H - ãiëüáåðòiâ ïðîñòið, òî ñêàëÿðíèé

äîáóòîê â íüîìó (., .) ¹ ôîðìîþ ëiíiéíîþ çà ïåðøîþ çìiííîþ i àíòèëiíiéíîþ (àáî æ ïiâ-

ëiíiéíîþ) çà äðóãîþ çìiííîþ, òîáòî äëÿ êîæíèõ x, y1, y2 ∈ H i êîæíèõ α1, α2 ∈ C

(x, α1y1 + α2y2y) = α1 ⟨x, y1⟩+ α2 ⟨x, y2⟩ .

Òàêà ôîðìà íàçèâà¹òüñÿ ïiâòîðàëiíiéíîþ. ßêùî {ek}∞k=0 - ïîâíà îðòîíîðìîâàíà ñèñòåìà â

H , òî êîæíèé åëåìåíò x ∈ H ðîçêëàäà¹òüñÿ â çáiæíèé ðÿä Ôóð'¹ çà öi¹þ ñèñòåìîþ [59,

c.174]

x =
∞∑
k=0

(x, ek)ek.

Òàêèì ÷èíîì, â íåñêií÷åííîâèìiðíîìó ãiëüáåðòîâîìó ïðîñòîði H ìîæíà âèçíà÷èòè

áiëiíiéíó ôîðìó

⟨x, y⟩ =
∞∑
k=0

(x, ek)(y, ek).
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Î÷åâèäíî, ùî ∀x, y ∈ H

| ⟨x, y⟩ | ≤
∞∑
k=0

|(x, ek)| · |(y, ek)| ≤ ∥x∥ · ∥y∥,

i, îòæå, áiëiíiéíà ôîðìà ⟨x, y⟩ ïðèéìà¹ ñêií÷åííi çíà÷åííÿ ∀x, y ∈ H .

Îçíà÷åííÿ 13 [8, ñ.276-277]. Íåõàé X - íîðìîâàíèé ëiíiéíèé ïðîñòið, A : X → X -

ëiíiéíèé îáìåæåíèé îïåðàòîð. Ðåãóëÿðíîþ òî÷êîþ îïåðàòîðà A íàçèâà¹òüñÿ òî÷êà z ∈ C
òàêà, ùî îïåðàòîð A−zI ìà¹ îáåðíåíèé (÷åðåç I ïîçíà÷à¹òüñÿ òîòîæíèé îïåðàòîð I : X →
X , òàê ùî äëÿ êîæíîãî x ∈ X Ix = x). Äîïîâíåííÿ äî ìíîæèíè ρ(A) âñiõ ðåãóëÿðíèõ

òî÷îê îïåðàòîðà A íàçèâà¹òüñÿ ñïåêòðîì îïåðàòîðà A i ïîçíà÷à¹òüñÿ ÷åðåç S(A). Â êîæíié

ðåãóëÿðíié òî÷öi z ∈ C îïåðàòîð Rz(A) = (A− zI)−1 íàçèâà¹òüñÿ ðåçîëüâåíòîþ îïåðàòîðà

A.

ßêùî 1
z
¹ ðåãóëÿðíîþ òî÷êîþ îïåðàòîðà A, ìè áóäåìî ïîçíà÷àòè

R#
z (A) = (I − zA)−1 = −1

z
R 1

z
(A)

i íàçèâàòè R#
z (A) ðåçîëüâåíòíîþ ôóíêöi¹þ îïåðàòîðà A.

Îçíà÷åííÿ 14 [8, c.302]. Ñïåêòðàëüíèì ðàäióñîì ëiíiéíîãî îáìåæåíîãî îïåðàòîðà A

íàçèâà¹òüñÿ ÷èñëî

ρA = max{|z| : z ∈ S(A)}.

Äëÿ ρA ñïðàâåäëèâà ôîðìóëà [8, c.302]

ρA = lim
n→∞

n
√

∥An∥.

Î÷åâèäíî, ùî ïðè |z| < 1
ρA

ðåçîëüâåíòíà ôóíêöiÿ R#
z (A) áóäå àíàëiòè÷íîþ, à ÿêùî ρA = 0,

òî R#
z (A) áóäå öiëîþ ôóíêöi¹þ.

� 4. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ

Íàïðèêiíöi 70-õ ðð. XX ñòîði÷÷ÿ Â.Ê. Äçÿäèê íà îñíîâi ïîäàëüøîãî ðîçâèòêó çàïðî-

ïîíîâàíîãî íèì àïðîêñèìàöiéíîãî ìåòîäó íàáëèæåíîãî ðîçâ'ÿçóâàííÿ çâè÷àéíèõ ëiíiéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü [10,47,52,53,55] ç'ÿñóâàâ, ùî â ðÿäi âèïàäêiâ çàñòîñóâàííÿ âêàçà-

íîãî ìåòîäó äî ïîáóäîâè ðàöiîíàëüíèõ íàáëèæåíü ïðèçâîäèòü äî îòðèìàííÿ äiàãîíàëüíèõ

ïîëiíîìiâ Ïàäå äåÿêèõ åëåìåíòàðíèõ ôóíêöié. Â ðîáîòi [56] Â.Ê. Äçÿäèêîì òà Ë.I. Ôiëîçî-

ôîì áóëà âèâ÷åíà àñèìïòîòè÷íà ïîâåäiíêà äiàãîíàëüíèõ àïðîêñèìàíò Ïàäå ôóíêöié ez òà

(1+ z)α, à çãîäîì â ðîáîòi [49] Â.Ê. Äçÿäèêîì áóëà äîñëiäæåíà àñèìïòîòèêà äiàãîíàëüíèõ

àïðîêñèìàíò Ïàäå ôóíêöié sin z, cos z, sh z òà ch z i âñòàíîâëåíî çâ'ÿçîê ìiæ ðàöiîíàëüíèìè

àïðîêñèìàíòàìè òà áiîðòîãîíàëüíèìè ñèñòåìàìè ôóíêöié. Àíàëiç îòðèìàíèõ ðåçóëüòàòiâ
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i ñïiâñòàâëåííÿ ¨õ ç iñíóþ÷îþ ãëèáîêîþ òåîði¹þ êëàñè÷íî¨ ïðîáëåìè ìîìåíòiâ äîçâîëèëè

Â.Ê. Äçÿäèêó â ðîáîòi [50] ñôîðìóëþâàòè çàäà÷ó ïðî óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ.

Îçíà÷åííÿ 15. Óçàãàëüíåíèì ìîìåíòíèì çîáðàæåííÿì ÷èñëîâî¨ ïîñëiäîâíîñòi {sk}∞k=0

íà äîáóòêó ëiíiéíèõ ïðîñòîðiâX òà Y íàçèâà¹òüñÿ äâîïàðàìåòðè÷íà ñóêóïíiñòü ðiâíîñòåé

sk+j = ⟨xk, yj⟩, k, j = 0,∞, (10)

äå xk ∈ X , k = 0,∞, yj ∈ Y , j = 0,∞, à ⟨., .⟩ - áiëiíiéíà ôîðìà, âèçíà÷åíà íà X × Y .

Áóäåìî ãîâîðèòè, ùî óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ âèãëÿäó (10) âèçíà÷åíå íà

áàíàõîâîìó ïðîñòîði X , ÿêùî xk ∈ X , k = 0,∞, yj ∈ X ∗, j = 0,∞, i ⟨x, y⟩ = y(x), äå

y(x) - çíà÷åííÿ ôóíêöiîíàëó y ∈ X ∗ íà åëåìåíòi x ∈ X .

Ëåãêî áà÷èòè, ùî, ÿêùî â (10) ïîêëàñòè X = Y = L2[∆, dµ] � ãiëüáåðòiâ ïðîñòið

ôóíêöié, ñóìîâíèõ ç êâàäðàòîì çà ìiðîþ dµ íà ìíîæèíi ∆ ⊂ R, ⟨x, y⟩ =
∫
∆

x(t)y(t)dµ(t), çà

åëåìåíòè xk âèáðàòè ôóíêöi¨ xk(t) = tk, k = 0,∞, à çà åëåìåíòè yj âèáðàòè ôóíêöi¨ yj(t) =

tj, j = 0,∞, òî ìè îòðèìà¹ìî çîáðàæåííÿ, åêâiâàëåíòíå êëàñè÷íié ïðîáëåìi ìîìåíòiâ (5).

Ó âèïàäêó, êîëè â ïðîñòîði X iñíó¹ ëiíiéíèé îïåðàòîð A : X → X òàêèé, ùî

Axk = xk+1, k = 0,∞, (11)

à ó ïðîñòîði Y iñíó¹ ëiíiéíèé îïåðàòîð A∗ : Y → Y òàêèé, ùî

⟨Ax, y⟩ = ⟨x,A∗y⟩ ∀x ∈ X , y ∈ Y ,

(áóäåìî íàçèâàòè îïåðàòîð A∗ ñïðÿæåíèì äî îïåðàòîðà A âiäíîñíî áiëiíiéíî¨ ôîðìè ⟨, ., ⟩)
çîáðàæåííÿ (10) åêâiâàëåíòíå çîáðàæåííþ

sk = ⟨Akx0, y0⟩, k = 0,∞. (12)

Ïðè öüîìó ôóíêöiÿ f âèãëÿäó (1) ïðè äîäàòêîâèõ ïðèïóùåííÿõ ïðî çáiæíiñòü ðÿäiâ áóäå

ìàòè çîáðàæåííÿ:

f(z) = ⟨R#
z (A)x0, y0⟩, (13)

äå R#
z (A) = (I − zA)−1 � ðåçîëüâåíòíà ôóíêöiÿ îïåðàòîðà A.

� 5. Çàñòîñóâàííÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäîâè àïðîêñèìàöié Ïàäå

Â îñíîâi âñiõ çàñòîñóâàíü óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî àïðîêñèìàöié Ïàäå

ëåæèòü íàñòóïíèé ðåçóëüòàò, âñòàíîâëåíèé Â.Ê. Äçÿäèêîì [50].

Òåîðåìà 1. Íåõàé f - ôîðìàëüíèé ñòåïåíåâèé ðÿä âèãëÿäó

f(z) =
∞∑
k=0

skz
k, (14)
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i íåõàé

à) äëÿ ïîñëiäîâíîñòi {sk}∞k=0 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó

ëiíiéíèõ ïðîñòîðiâ X × Y

sk+j = ⟨xk, yj⟩, k, j = 0,∞; (15)

á) ïðè äåÿêîìó N ∈ N âèçíà÷íèê Ãàíêåëÿ HN−1 = H0,N−1 = det ||sk+j||N−1
k,j=0 öi¹¨ ïîñëi-

äîâíîñòi ¹ âiäìiííèì âiä íóëÿ.

Òîäi äëÿ ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó f iñíó¹ éîãî àïðîêñèìàíòà Ïàäå ïîðÿäêó [N −
1/N ], i öÿ àïðîêñèìàíòà ìîæå áóòè çàïèñàíà ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
, (16)

äå

QN(z) =
N∑
j=0

c
(N)
j zN−j, (17)

PN−1(z) =
N∑
j=1

c
(N)
j zN−j

j−1∑
m=0

smz
m, (18)

à êîåôiöi¹íòè c
(N)
j , j = 0, N, âèçíà÷àþòüñÿ çi ñïiââiäíîøåíü áiîðòîãîíàëüíîñòi äëÿ óçà-

ãàëüíåíîãî ïîëiíîìà YN =
N∑
j=0

c
(N)
j yj âèãëÿäó:

⟨xk, YN⟩ = 0, k = 0, N − 1, (19)

àáî æ çi ñïiââiäíîøåíü áiîðòîãîíàëüíîñòi äëÿ óçàãàëüíåíîãî ïîëiíîìà XN =
N∑
k=0

c
(N)
k xk

âèãëÿäó:

⟨XN , yj⟩ = 0, j = 0, N − 1. (20)

Ó âèïàäêó, êîëè ïðîñòîðè X òà Y ¹ íîðìîâàíèìè, i ìàþòü ìiñöå çîáðàæåííÿ (12)�(13)

ç ëiíiéíèì îáìåæåíèì îïåðàòîðîì A, ðåçîëüâåíòíà ôóíêöiÿ ÿêîãî ¹ àíàëiòè÷íîþ â äåÿêié

îáëàñòi D ⊂ C, ùî ìiñòèòü ïî÷àòîê êîîðäèíàò, ïîõèáêà àïðîêñèìàöi¨ Ïàäå ∀z ∈ D ìîæå

áóòè çîáðàæåíà ó âèãëÿäi:

f(z)− [N − 1/N ]f (z) =
z2N

QN(z)

⟨
R#

z (A)xN , YN

⟩
=

=
z2N

QN(z)

⟨
R#

z (A)XN , yN
⟩
. (21)
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Äîâåäåííÿ. Ïðè äåÿêîìó íàòóðàëüíîìó ω ≥ 2N ïðîñóìó¹ìî ðiâíîñòi (15) ïî k âiä 0 äî

ω, ïîïåðåäíüî ïîìíîæèâøè öi ðiâíîñòi íà zk. Â ëiâié ÷àñòèíi îòðèìà¹ìî

ω∑
k=0

sk+jz
k =

1

zj

ω+j∑
k=j

skz
k =

1

zj

{
ω+j∑
k=0

skz
k −

j−1∑
k=0

skz
k

}
. (22)

Â ïðàâié ÷àñòèíi áóäåìî ìàòè

ω∑
k=0

⟨xk, yj⟩zk =

⟨
ω∑

k=0

xkz
k, yj

⟩
. (23)

Ïîáóäó¹ìî òåïåð íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì YN =
N∑
j=0

c
(N)
j yj, äëÿ ÿêîãî âèêîíó-

þòüñÿ óìîâè áiîðòîãîíàëüíîñòi (19) (çà óìîâè, ùî HN−1 ̸= 0, òàêèé ïîëiíîì îáîâ'ÿçêîâî

iñíó¹), i, âèõîäÿ÷è ç éîãî êîåôiöi¹íòiâ, ïîìíîæèìî (22) òà (23) íà c
(N)
j i ïðîñóìó¹ìî ïî j

âiä 0 äî N. Îòðèìà¹ìî
N∑
j=0

c
(N)
j

1

zj

{
ω+j∑
k=0

skz
k −

j−1∑
k=0

skz
k

}
=

=
1

zN
{QN(z)f(z)− PN−1(z)} −

N∑
j=0

c
(N)
j z−j

∞∑
k=ω+j+1

skz
k,

à òàêîæ

N∑
j=0

c
(N)
j

⟨
ω∑

k=0

xkz
k, yj

⟩
=

⟨
ω∑

k=0

xkz
k, YN

⟩
=

⟨
ω∑

k=N

xkz
k, YN

⟩
= zN

⟨
ω∑

k=0

xk+Nz
k, YN

⟩
.

Â ðåçóëüòàòi áóäåìî ìàòè

f(z)− PN−1(z)

QN(z)
=

z2N

QN(z)

⟨
ω∑

k=0

xk+Nz
k, YN

⟩
+

N∑
j=0

c
(N)
j zN−j

∞∑
ω+j+1

skz
k. (24)

Âðàõîâóþ÷è, ùî ïðè ω ≥ 2N

N∑
j=0

c
(N)
j zN−j

∞∑
k=ω+j+1

skz
k = O(zω+1) = o(z2N) ïðè z → 0,

i ùî çà óìîâ òåîðåìè

QN(0) = c
(N)
N ̸= 0,

îòðèìà¹ìî ïåðøå òâåðäæåííÿ òåîðåìè.

Äëÿ òîãî, ùîá îòðèìàòè ôîðìóëó äëÿ ïîõèáêè àïðîêñèìàöi¨, òðåáà â ðiâíîñòi (24)

ïåðåéòè äî ãðàíèöi ïðè ω → ∞ i âðàõóâàòè àíàëiòè÷íiñòü îáîõ ÷àñòèí ïðè z ∈ D .
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Àíàëîãi÷íèì ÷èíîì ìîæíà ïîáóäóâàòè äiàãîíàëüíi òà íàääiàãîíàëüíi ïîëiíîìè Ïàäå

ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó âèãëÿäó (1), à ñàìå â [54] áóëî âñòàíîâëåíî íàñòóïíèé ðå-

çóëüòàò.

Òåîðåìà 2. Íåõàé f - ôîðìàëüíèé ñòåïåíåâèé ðÿä âèãëÿäó

f(z) =
∞∑
k=0

skz
k,

i íåõàé

à) äëÿ ïîñëiäîâíîñòi {sk}∞k=0 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó

ëiíiéíèõ ïðîñòîðiâ X × Y

sk+j = ⟨xk, yj⟩, k, j = 0,∞;

á) ïðè äåÿêèõ N ∈ N òàM ∈ N∪{0} âèçíà÷íèê ÃàíêåëÿHM+1,N−1 = det ||sk+j+M+1||N−1
k,j=0

öi¹¨ ïîñëiäîâíîñòi ¹ âiäìiííèì âiä íóëÿ.

Òîäi äëÿ ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó f iñíó¹ éîãî àïðîêñèìàíòà Ïàäå ïîðÿäêó [N +

M/N ], i öÿ àïðîêñèìàíòà ìîæå áóòè çàïèñàíà ó âèãëÿäi

[N +M/N ]f (z) =
PN+M(z)

QN(z)
,

äå

QN(z) =
N∑
j=0

c
(N)
j zN−j,

PN+M(z) =
N∑
j=0

c
(N)
j zN−j

j+M∑
m=0

smz
m,

à êîåôiöi¹íòè c
(N)
j , j = 0, N, âèçíà÷àþòüñÿ çi ñïiââiäíîøåíü áiîðòîãîíàëüíîñòi äëÿ óçà-

ãàëüíåíîãî ïîëiíîìà YN =
N∑
j=0

c
(N)
j yj âèãëÿäó:

⟨xk+M+1, YN⟩ = 0, k = 0, N − 1.

Ó âèïàäêó, êîëè ïðîñòîðè X òà Y ¹ íîðìîâàíèìè, i ìàþòü ìiñöå çîáðàæåííÿ (12)�(13)

ç ëiíiéíèì îáìåæåíèì îïåðàòîðîì A, ðåçîëüâåíòíà ôóíêöiÿ ÿêîãî ¹ àíàëiòè÷íîþ â äåÿêié

îáëàñòi D ⊂ C, ùî ìiñòèòü ïî÷àòîê êîîðäèíàò, ïîõèáêà àïðîêñèìàöi¨ Ïàäå ∀z ∈ D ìîæå

áóòè çîáðàæåíà ó âèãëÿäi:

f(z)− [N +M/N ]f (z) =
z2N+M+1

QN(z)

⟨
R#

z (A)xN+M+1, YN

⟩
.
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Äîâåäåííÿ. Ùîá âñòàíîâèòè ñïðàâåäëèâiñòü òâåðäæåíü òåîðåìè 2, äîñèòü ïîâòîðèòè

ìiðêóâàííÿ, âèêîðèñòàíi ïðè äîâåäåííi òåîðåìè 1, âèõîäÿ÷è ç çîáðàæåííÿ

sk+j+M+1 = ⟨xk+M+1, yj⟩, k, j = 0,∞.

Òàêèì ÷èíîì, çàäà÷à ïîáóäîâè àïðîêñèìàíò Ïàäå ç âèêîðèñòàííÿì óçàãàëüíåíèõ ìî-

ìåíòíèõ çîáðàæåíü çâîäèòüñÿ äî çàäà÷i ïîáóäîâè áiîðòîãîíàëüíèõ ïîëiíîìiâ. Â öiëié íèçöi

âèïàäêiâ öå äîçâîëÿ¹ íå òiëüêè ïîáóäóâàòè, àëå i äîñëiäèòè ïîâåäiíêó åëåìåíòiâ ïåðøî¨

ïiääiàãîíàëi, äiàãîíàëi òà íàääiàãîíàëüíèõ ïîñëiäîâíîñòåé òàáëèöi Ïàäå ðÿäó ñïåöiàëüíèõ

ôóíêöié. Ðàçîì ç òèì ïîòðiáíî êîíñòàòóâàòè, ùî çàäà÷à ïîáóäîâè áiîðòîãîíàëüíèõ ïîëi-

íîìiâ ¹ íàáàãàòî ñêëàäíiøîþ, íiæ ïîáóäîâà îðòîãîíàëüíèõ ìíîãî÷ëåíiâ, i íå ìîæå áóòè

ðîçâ'ÿçàíà â çàãàëüíîìó âèïàäêó.

� 6. Òåîðåìè iñíóâàííÿ äëÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü

Â [54] Â.Ê. Äçÿäèêîì òà àâòîðîì áóâ âñòàíîâëåíèé íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3. Íåõàé H � íåñêií÷åííîâèìiðíèé ãiëüáåðòiâ ïðîñòið i {ek}∞k=0 � äîâiëüíà

îðòîíîðìîâàíà ïîñëiäîâíiñòü â íüîìó. Òîäi äëÿ òîãî, ùîá ÷èñëîâà ïîñëiäîâíiñòü {sk}∞k=0

ìàëà â H óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ âèãëÿäó:

sk+j = ⟨xk, yj⟩, k, j = 0,∞, (25)

äå

⟨x, y⟩ =
∞∑

m=0

(x, em)(y, em),

à åëåìåíòè xk, k = 0,∞, òà yj, j = 0,∞, ìàþòü âèãëÿä

xk =
k∑

m=0

α(k)
m em, yj =

j∑
m=0

β(j)
m em, (26)

i ïðè öüîìó α
(k)
k ̸= 0, k = 0,∞, β

(j)
j ̸= 0, j = 0,∞, íåîáõiäíî i äîñòàòíüî, ùîá âñi âèçíà÷íèêè

Ãàíêåëÿ

HN := H0,N = det∥sk+j∥Nk,j=0

ïîñëiäîâíîñòi {sk}∞k=0 áóëè âiäìiííèìè âiä 0.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî çîáðàæåííÿ (25) iñíó¹. Òîäi

sk+j = ⟨xk, yj⟩ =

⟨
k∑

m=0

α(k)
m em,

j∑
m=0

β(j)
m em

⟩
=

min{k,j}∑
m=0

α(k)
m β(j)

m , k = 0,∞. (27)
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Ðîçãëÿíåìî ïðè êîæíîìó N = 0,∞ äâi òðèêóòíi ìàòðèöi

AN =


α
(0)
0 0 · · · 0

α
(1)
0 α

(1)
1 · · · 0

· · · · · · · · · · · ·
· · · · · · · · · · · ·
α
(N)
0 α

(N)
1 · · · α

(N)
N


òà

BN =


β
(0)
0 β

(1)
0 . . . β

(N)
0

0 β
(1)
1 . . . β

(N)
1

· · · · · · · · · · · ·
· · · · · · · · · · · ·
0 0 . . . β

(N)
N

 .

Íåâàæêî ïîìiòèòè, ùî ðiâíîñòi (27) åêâiâàëåíòíi ðiâíîñòÿì

SN = ANBN , N = 0,∞,

äå

SN = ∥sk+j∥Nk,j=0 =


s0 s1 . . . sN

s1 s2 . . . sN+1

· · · · · · · · · · · ·
· · · · · · · · · · · ·
sN sN+1 · · · s2N

 , N = 0,∞,

i, îòæå,

HN = det SN = detAN · detBN =
N∏
k=0

α
(k)
k ·

N∏
j=0

β
(j)
j ̸= 0.

Ùîá äîâåñòè äîñòàòíiñòü óìîâ òåîðåìè, ïðèéìåìî äî óâàãè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 4 [14, c. 50]. Êîæíó íåâèðîäæåíó ìàòðèöþ C ìîæíà çîáðàçèòè ó âèãëÿäi äî-

áóòêó íèæíüî¨ òðèêóòíî¨ ìàòðèöi A íà âåðõíþ òðèêóòíó ìàòðèöþ B :

A =


a11 0 . . . 0

a21 a22 . . . 0

· · · · · · · · · · · ·
· · · · · · · · · · · ·
an1 an2 . . . ann

 , B =


b11 b12 . . . b1n

0 b22 . . . b2n

· · · · · · · · · · · ·
· · · · · · · · · · · ·
0 0 . . . bnn

 .

Ïðè öüîìó, ÿêùî ïîçíà÷èòè ïîñëiäîâíi ãîëîâíi ìiíîðè ìàòðèöi C ÷åðåç D1, D2, . . . , Dn,

òî áóäóòü âèêîíóâàòèñü ðiâíîñòi

a11b11 = D1, a22b22 =
D2

D1

, · · · , annbnn =
Dn

Dn−1

. (28)
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Äiàãîíàëüíèì åëåìåíòàì ìàòðèöü A òà B ìîæíà çàäàâàòè áóäü�ÿêi çíà÷åííÿ, ùî çàäî-

âîëüíÿþòü (28). Ïiñëÿ öüîãî ðåøòà åëåìåíòiâ ìàòðèöü A òà B âèçíà÷àþòüñÿ îäíîçíà÷íî

çà ôîðìóëàìè:

amk = akk

C

(
1 2 . . . k − 1 m

1 2 . . . k − 1 k

)

C

(
1 2 . . . k

1 2 . . . k

) ,

bjm = bjj

C

(
1 2 . . . j − 1 j

1 2 . . . j − 1 m

)

C

(
1 2 . . . j

1 2 . . . j

) ,

äå ÷åðåç C

(
p1 p2 . . . ps

r1 r2 . . . rs

)
ïîçíà÷àþòüñÿ ìiíîðè ìàòðèöi C :

C

(
p1 p2 . . . ps

r1 r2 . . . rs

)
= det∥cpk,rj∥sk,j=0.

Ïðèïóñòèìî òåïåð, ùî ÷èñëîâà ïîñëiäîâíiñòü {sk}∞k=0 òàêà, ùî HN = det∥sk+j∥nk,j=0 ̸= 0

∀N = 0,∞. Âèáåðåìî ÷èñëîâi ïîñëiäîâíîñòi α
(k)
k , k = 0,∞, òà β

(j)
j , j = 0,∞, òàêèì ÷èíîì,

ùîá âèêîíóâàëèñü ðiâíîñòi

α
(0)
0 β

(0)
0 = H0, α

(1)
1 β

(1)
1 =

H1

H0

, · · · , α(N)
N β

(N)
N =

HN

HN−1

, · · · ,

i ïîêëàäåìî

α
(m)
j = α

(k)
k

S

(
0 1 . . . k − 1 m

0 1 . . . k − 1 k

)
Hk

,

b
(m)
j = β

(j)
j

S

(
0 1 . . . j − 1 j

0 1 . . . j − 1 m

)
Hj

,

ïðè k, j = 0,m, m = 0,∞. Çàôiêñó¹ìî â ïðîñòîði H äîâiëüíó îðòîíîðìîâàíó ïîñëiäîâíiñòü

{ek}∞k=0 i ïîêëàäåìî

xk =
k∑

m=0

α(k)
m em, k = 0,∞,

yj =

j∑
m=0

β(j)
m em, j = 0,∞.
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Âðàõîâóþ÷è òâåðäæåííÿ òåîðåìè 4, ðîáèìî âèñíîâîê, ùî òàê âèáðàíi ïîñëiäîâíîñòi

{xk}∞k=0 òà {yj}∞j=0 çàäîâîëüíÿþòü ðiâíîñòi (27). Òåîðåìà 3 òàêèì ÷èíîì äîâåäåíà.

Çàóâàæåííÿ 1. Ïîñêiëüêè âiäìiííiñòü âiä íóëÿ âèçíà÷íèêiâ Ãàíêåëÿ ïîñëiäîâíîñòi

{sk}∞k=0 ¹ íåîáõiäíîþ óìîâîþ iñíóâàííÿ òà íåâèðîäæåíîñòi åëåìåíòiâ ïåðøî¨ ïiääiàãîíàëi

òàáëèöi Ïàäå ôóíêöi¨ f(z) =
∞∑
k=0

skzk (äèâ. [5, c. 17]), òî òèì ñàìèì òåîðåìà 3 ñòâåðäæó¹,

ùî óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ ïîñëiäîâíîñòi {sk}∞k=0 ìîæóòü áóòè ïîáóäîâàíi êîæ-

íîãî ðàçó, êîëè iñíóþòü òà íåâèðîäæåíi àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ], N ≥ 1,

ôóíêöi¨ f(z) =
∞∑
k=0

skz
k. Çàçíà÷èìî, ùî äëÿ iñíóâàííÿ çîáðàæåíü âèãëÿäó (5) íåîáõiäíîþ

¹ ïîçèòèâíiñòü âñiõ âèçíà÷íèêiâ Ãàíêåëÿ HN , N = 0,∞, ïîñëiäîâíîñòi {sk}∞k=0.

Çàóâàæåííÿ 2. Â ïðîöåñi äîâåäåííÿ òåîðåìè 3 ìè ìàëè çìîãó ïåðåêîíàòèñÿ, ùî êîæíîãî

ðàçó, êîëè âèêîíàíi ¨¨ óìîâè, óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ íàâiòü ïðè ôiêñàöi¨ ïðîñòî-

ðó H , îðòîíîðìîâàíî¨ ïîñëiäîâíîñòi {ek}∞k=0 ⊂ H i âèãëÿäó (26) åëåìåíòiâ xk, k = 0,∞,

òà yj, j = 0,∞, ìîæóòü áóòè ïîáóäîâàíi íåîäíîçíà÷íî.

Ïåðåéäåìî òåïåð äî ç'ÿñóâàííÿ óìîâ iñíóâàííÿ çîáðàæåíü âèãëÿäó (12)�(13). Ìà¹ ìiñöå

íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5. Äëÿ áóäü-ÿêî¨ ôóíêöi¨ f, àíàëiòè÷íî¨ â êðóçi KR = {z : |z| ≤ R}, 0 <

R < ∞, òà áóäü-ÿêîãî íåñêií÷åííîâèìiðíîãî ñåïàðàáåëüíîãî ãiëüáåðòîâîãî ïðîñòîðó H

iñíóþòü åëåìåíòè x0, y0 ∈ H òà ëiíiéíèé îáìåæåíèé îïåðàòîð A : H → H , íîðìà ÿêîãî

¹ ìåíøîþ çà 1/R, i òàêèé ùî ∀z ∈ KR

f(z) = (R#
z (A)x0, y0). (29)

Äîâåäåííÿ. Íåõàé ôóíêöiÿ f çîáðàæóâàíà ñòåïåíåâèì ðÿäîì

f(z) =
∞∑
k=0

skz
k.

Çà óìîâ òåîðåìè

lim
k→∞

k
√
|sk| <

1

R + ε
, (30)

äå ε > 0. Çàôiêñó¹ìî äåÿêå ÷èñëî R1 òàêå, ùî R < R1 < R + ε, i äëÿ äîâiëüíîãî îðòîíîð-

ìîâàíîãî áàçèñó {ek}∞k=0 ïðîñòîðó H ðîçãëÿíåìî ïîñëiäîâíiñòü åëåìåíòiâ

xk =
1

Rk
1

ek, k = 0,∞.

Âèçíà÷èìî íà åëåìåíòàõ áàçèñó {ek}∞k=0 ëiíiéíèé îáìåæåíèé îïåðàòîð A:

Aek =
1

R1

ek+1, k = 0,∞.
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Ëåãêî áà÷èòè, ùî, ïî-ïåðøå

Axk = xk+1, k = 0,∞,

à ïî-äðóãå,

||A|| = 1

R1

<
1

R
.

Âèçíà÷èìî òåïåð åëåìåíò y0 ∈ H ó âèãëÿäi ñóìè íàñòóïíîãî ðÿäó:

y0 =
∞∑

m=0

Rm
1 smem.

Ïåðåêîíà¹ìîñÿ, ùî y0 ∈ H . Äiéñíî

||y0||2 =
∞∑

m=0

R2m|sm|2. (31)

Ç (30) âèïëèâà¹, ùî, ïî÷èíàþ÷è ç äåÿêîãî k0 ∈ N,

|sk| ≤
1

(R + ε− ε1)k
,

äå ε1 ∈ (0, ε), à îòæå, ðÿä â ïðàâié ÷àñòèíi (31) ¹ çáiæíèì. Òàêèì ÷èíîì, y0 ∈ H . Ç iíøîãî

áîêó,

(xk, y0) =

(
1

Rk
1

ek,
∞∑

m=0

Rm
1 smem

)
= sk, k = 0,∞,

à îòæå, ¹ ñïðàâåäëèâèì çîáðàæåííÿ (29).

Àíàëîãi÷íèé ðåçóëüòàò ìîæíà âñòàíîâèòè i ó âèïàäêó öiëèõ ôóíêöié.

Òåîðåìà 6. Äëÿ áóäü�ÿêî¨ öiëî¨ ôóíêöi¨ f òà áóäü�ÿêîãî íåñêií÷åííîâèìiðíîãî ñåïàðà-

áåëüíîãî ãiëüáåðòîâîãî ïðîñòîðó H iñíóþòü åëåìåíòè x0, y0 ∈ H òà ëiíiéíèé îáìåæåíèé

îïåðàòîð A : H → H ç íóëüîâèì ñïåêòðàëüíèì ðàäióñîì òàêèé, ùî ∀z ∈ C

f(z) = (R#
z (A)x0, y0). (32)

Äîâåäåííÿ. Íåõàé ôóíêöiÿ f çîáðàæóâàíà ñòåïåíåâèì ðÿäîì

f(z) =
∞∑
k=0

skz
k.

Ç óìîâ òåîðåìè âèïëèâà¹, ùî

lim
k→∞

k
√

|sk| = 0.

Ïîêëàäåìî

δk = sup
k≥j

j

√
|sj|.

24



Î÷åâèäíî, ùî {δk}∞k=0 ¹ ìîíîòîííî ñïàäàþ÷îþ, ïðÿìóþ÷îþ äî íóëÿ ïîñëiäîâíiñòþ. Äëÿ

äîâiëüíîãî îðòîíîðìîâàíîãî áàçèñó {ek}∞k=0 ïðîñòîðó H i äîâiëüíîãî λ > 1 ðîçãëÿíåìî

ïîñëiäîâíiñòü åëåìåíòiâ

xk = (λδk)
kek, k = 0,∞,

i âèçíà÷èìî íà åëåìåíòàõ áàçèñó {ek}∞k=0 ëiíiéíèé îáìåæåíèé îïåðàòîð A:

Aek = λ
δk+1
k+1

δkk
ek+1, k = 0,∞.

Ëåãêî áà÷èòè, ùî

Axk = xk+1, k = 0,∞.

Ç iíøîãî áîêó, îñêiëüêè

Amek = λm δk+m
k+m

δkk
ek+m, k = 0,∞,

òî

||Am|| = sup
k

λm δk+m
k+m

δkk
= sup

k

(
δk+m

δk

)k

(λδk+m)
m ≤ (λδk+m)

m,

à îòæå,
m
√

||Am|| ≤ λδk+m → 0 ïðè m → ∞.

Òàêèì ÷èíîì, îïåðàòîð A ìà¹ íóëüîâèé ñïåêòðàëüíèé ðàäióñ. Âèçíà÷èìî òåïåð åëåìåíò

y0 ∈ H ó âèãëÿäi ñóìè íàñòóïíîãî ðÿäó:

y0 =
∞∑

m=0

1

(λδm)m
smem.

Î÷åâèäíî,

||y0||2 =
∞∑

m=0

1

(λδm)2m
|sm|2 ≤

∞∑
m=0

1

λ2m
=

1

1− 1
λ2

=
λ2

λ2 − 1
< ∞,

îòæå, y0 ∈ H . Ç iíøîãî áîêó,

(xk, y0) =

(
(λδk)

kek,
∞∑

m=0

1

(λδm)m
smem

)
= sk, k = 0,∞,

à îòæå ¹ ñïðàâåäëèâèì çîáðàæåííÿ (32).

Çàóâàæåííÿ 3. Òåîðåìè 5-6 íåçàëåæíî iíøèì ñïîñîáîì áóëè âñòàíîâëåíi Ã.Â. Ðàäçi¹âñü-

êèì [81].

Çàóâàæåííÿ 4. Â òåîðåìàõ 5-6 âñòàíîâëåíî iñíóâàííÿ çîáðàæåíü äëÿ ôóíêöié f ó

âèãëÿäi (29), (32), òîáòî â òåðìiíàõ ñêàëÿðíîãî äîáóòêó, ÿêèé, ÿê áóëî çàçíà÷åíî ðàíi-

øå, ¹ ïiâòîðàëiíiéíîþ ôîðìîþ. Òðàíñôîðìàöiÿ öèõ çîáðàæåíü â çîáðàæåííÿ â òåðìiíàõ

áiëiíiéíèõ ôîðì ¹ î÷åâèäíîþ.
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Ð Î Ç Ä I Ë 2

ÏÎÁÓÄÎÂÀ ÓÇÀÃÀËÜÍÅÍÈÕ ÌÎÌÅÍÒÍÈÕ ÇÎÁÐÀÆÅÍÜ

ÅËÅÌÅÍÒÀÐÍÈÕ ÒÀ ÑÏÅÖIÀËÜÍÈÕ ÔÓÍÊÖIÉ

� 1. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ ç îïåðàòîðàìè iíòåãðóâàííÿ

Ìè âæå çàçíà÷àëè, ùî çîáðàæåííÿ ïîñëiäîâíîñòi {sk}∞k=0 ó âèãëÿäi ñòåïåíåâèõ ìîìåíòiâ

äåÿêî¨ ìiðè (1.5), àáî, ùî òå æ ñàìå, çîáðàæåííÿ ôóíêöi¨ f(z) =
∞∑
k=0

skz
k ó âèãëÿäi iíòå-

ãðàëà Ìàðêîâà-Ñòiëòü¹ñà (1.6) ìîæíà ðîçãëÿäàòè ÿê ÷àñòèííèé âèïàäîê óçàãàëüíåíîãî

ìîìåíòíîãî çîáðàæåííÿ (1.10), (1.12), (1.13). Çàóâàæèìî, ùî â öüîìó âèïàäêó çà ëiíiéíèé

îïåðàòîð (1.11) âèáèðà¹òüñÿ îïåðàòîð ìíîæåííÿ íà íåçàëåæíó çìiííó

(Aφ)(t) = tφ(t).

Ðîçãëÿíåìî ðÿä óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, ÿêi íå çâîäÿòüñÿ äî âêàçàíîãî âèïàä-

êó i òèì ñàìèì äîçâîëÿþòü áóäóâàòè òà äîñëiäæóâàòè àïðîêñèìàíòè Ïàäå ôóíêöié, ùî íå

¹ ìàðêîâñüêèìè.

Â ïðîñòîði iíòåãðîâíèõ íà âiäðiçêó [0, 1] ôóíêöié X = L[0, 1] ðîçãëÿíåìî ëiíiéíèé

îáìåæåíèé îïåðàòîð

(Aφ)(t) =

t∫
0

φ(τ)dτ. (1)

Ùîá ïiäðàõóâàòè ðåçîëüâåíòíó ôóíêöiþ îïåðàòîðà (1), ðîçãëÿíåìî ëiíiéíå iíòåãðàëüíå

ðiâíÿííÿ

((I − zA)φ) (t) = φ(t)− z

t∫
0

φ(τ)dτ = ψ(t).

Ïðîäèôåðåíöiþ¹ìî öå ðiâíÿííÿ çà çìiííîþ t. Îòðèìà¹ìî:

φ′(t)− zφ(t) = ψ′(t).

Çà ñõåìîþ ìåòîäó âàðiàöi¨ äîâiëüíî¨ ñòàëî¨ ïîêëàäåìî

φ(t) = C(t)ezt.

Äiñòàíåìî

C ′(t) = ψ′(t)e−zt,

çâiäêè øëÿõîì íåñêëàäíèõ ïåðåòâîðåíü áóäåìî ìàòè

φ(t) = ψ(t) + z

t∫
0

ψ(τ)ez(t−τ)dτ.
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Òàêèì ÷èíîì (
R#

z (A)φ
)
(t) = φ(t) + z

t∫
0

φ(τ)ez(t−τ)dτ. (2)

Ñòåïåíi îïåðàòîðà (1) ìîæóòü áóòè, ÿê ëåãêî ïåðåêîíàòèñÿ, çàïèñàíi ó âèãëÿäi

(Akφ)(t) =

t∫
0

(t− τ)k−1

(k − 1)!
φ(τ)dτ, k = 1,∞. (3)

Ïîêëàäåìî òåïåð Y = C[0, 1] i ðîçãëÿíåìî íà äîáóòêó ïðîñòîðiâ X × Y áiëiíiéíó ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)dt. (4)

Íåâàæêî âïåâíèòèñü, ùî îïåðàòîð A∗ : Y → Y âèãëÿäó

(A∗ψ)(t) =

1∫
t

ψ(τ)dτ

¹ ñïðÿæåíèì äî îïåðàòîðà (1) âiäíîñíî áiëiíiéíî¨ ôîðìè (4). Ñòåïåíi ñïðÿæåíîãî îïåðà-

òîðà ìàþòü âèãëÿä:

(A∗jψ)(t) =

1∫
t

(τ − t)j−1

(j − 1)!
ψ(τ)dτ, j = 1,∞.

Ïîêëàäåìî òåïåð x0(t) ≡ 1, y0(t) ≡ 1. Òîäi

sk =

1∫
0

(Akx0)(t)y0(t)dt =

1∫
0

tk

k!
dt =

1

(k + 1)!
,

f(z) =
∞∑
k=0

skz
k =

ez − 1

z
.

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1 [17]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

(k + 1)!
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

ez − 1

z
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ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =
1

(k + j + 1)!
=

1∫
0

tk

k!
· (1− t)j

j!
dt, k, j = 0,∞. (5)

Çàëèøèìî òåïåð y0(t) ≡ 1 i ïîêëàäåìî x0(t) = tν , ν > −1. Îòðèìà¹ìî

sk =

1∫
0

(Akx0)(t)dt =

1∫
0

t∫
0

(t− τ)k−1

(k − 1)!
τ νdτdt =

1∫
0

tk+ν

(ν + 1)(ν + 2) · . . . · (ν + k)
dt =

=
1

(ν + 1)(ν + 2) · . . . · (ν + k + 1)
=

1

(ν + 1)k+1

, k = 0,∞,

äå ÷åðåç (α)k ïîçíà÷åíî ñèìâîë Ïîõãàììåðà:

(α)k :=

{
α(α+ 1) · . . . · (α + k − 1), ïðè k ≥ 1,

1, ïðè k = 0.
(6)

Âiäïîâiäíà ôóíêöiÿ ìàòèìå âèãëÿä

f(z) =
∞∑
k=0

skz
k =

∞∑
k=0

zk

(ν + 1)k+1

=
1F1(1; ν + 1; z)− 1

z
,

äå

1F1(α; β; z) =
∞∑
k=0

(α)k
(β)kk!

zk

� âèðîäæåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ.

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 2 [17]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

(ν + 1)k
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

1F1(1; ν + 1; z)− 1

z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =
1

(ν + 1)k+j+1

=

1∫
0

tk+ν

(ν + 1)k
· (1− t)j

j!
dt, k, j = 0,∞. (7)
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Ðîçãëÿíåìî òåïåð â ïðîñòîði X = L[0, 1] îïåðàòîð

(Aφ)(t) = κ

t∫
0

φ(τ)dτ + tφ(t), (8)

ùî ¹ ëiíiéíîþ êîìáiíàöi¹þ îïåðàòîðà (1) òà îïåðàòîðà ìíîæåííÿ íà íåçàëåæíó çìiííó,

ÿêèé âiäïîâiäà¹ êëàñè÷íié ñòåïåíeâié ïðîáëåìi ìîìåíòiâ íà ñåãìåíòi [0, 1]. Àíàëîãi÷íî ïî-

ïåðåäíüîìó ïiäðàõó¹ìî ðåçîëüâåíòíó ôóíêöiþ îïåðàòîðà (8)

(
R#

z (A)φ
)
(t) =

(
(I − zA)−1φ

)
(t) =

φ(t)

1− zt
+ κz

t∫
0

φ(t)
(1− τz)κ−1

(1− tz)κ+1
dτ. (9)

Ðîçêëàäàþ÷è ïðàâó ÷àñòèíó (9) çà ñòåïåíÿìè z, îòðèìà¹ìî:

(Akφ)(t) = κ

t∫
0

φ(τ)
k−1∑
m=0

(−κ+ 1)m(κ+ 1)k−1−m

m!(k −m− 1)!
τmtk−m−1dτ + tkφ(t).

Ïîêëàäåìî Y = C[0, 1] i ðîçãëÿíåìî íà äîáóòêó ïðîñòîðiâ X × Y áiëiíiéíó ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)dt.

Äëÿ ñòåïåíiâ ñïðÿæåíîãî îïåðàòîðà áóäåìî ìàòè çîáðàæåííÿ:

(A∗jψ)(t) = κ

1∫
t

ψ(τ)

j−1∑
m=0

(−κ+ 1)m(κ+ 1)j−1−m

m!(j −m− 1)!
tmτ j−m−1dτ + tjψ(t).

Ïîêëàäåìî òåïåð x0(t) ≡ 1, y0(t) ≡ 1. Òîäi

f(z) =

1∫
0

(
R#

z (A)x0
)
(t)dt =

1∫
0

 1

1− zt
+ κz

1∫
0

(1− τz)κ−1

(1− tz)κ+1
dτ

 dt =

=

1∫
0

1

(1− zt)κ+1
dt =

(1− z)−κ − 1

κz
.

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3 [17]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(κ+ 1)k
(k + 1)!

, k = 0,∞,
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êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

(1− z)−κ − 1

κz

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =
(κ+ 1)k+j

(k + j + 1)!
=

1∫
0

(κ+ 1)kt
k

k!
·

j∑
m=0

(−κ+ 1)m(κ)j−m

m!(j −m)!
tmdt, k, j = 0,∞. (10)

ßêùî æ ïîêëàñòè x0(t) = tν , ν > −1, i y0(t) ≡ 1, òî îäåðæèìî ç âèêîðèñòàííÿì

iíòåãðàëüíèõ çîáðàæåíü äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ Ãàóññà [98, c. 373]:

f(z) =

1∫
0

 tν

1− zt
+ κz

1∫
0

τ ν(1− τz)κ−1

(1− tz)κ+1
dτ

 dt = (1− z)−κ
1∫

0

tν(1− tz)κ−1dt =

=
1

ν + 1
(1− z)−κ2 F1(−κ+ 1, ν + 1; ν + 2; z) =

1

ν + 1
2F 1(ν + κ+ 1, 1; ν + 2; z).

Òåîðåìà 4 [17]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(ν + κ+ 1)k
(ν + 1)k

, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

1

ν + 1
2F 1(ν + κ+ 1, 1; ν + 2; z)

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =
(ν + κ+ 1)k+j

(ν + 1)k+j+1

=

1∫
0

(κ+ ν + 1)k
(ν + 1)k

tk+ν

j∑
m=0

(−κ+ 1)m(κ)j−m

m!(j −m)!
tmdt, k, j = 0,∞. (11)

Ðîçãëÿíåìî â ïðîñòîði X = L[0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) = −
t∫

0

(t− τ)φ(τ)dτ. (12)

Ëåãêî áà÷èòè, ùî îïåðàòîð (12) ¹ âçÿòèì çi çíàêîì ìiíóñ êâàäðàòîì îïåðàòîðà (1). Âðà-

õîâóþ÷è òîòîæíiñòü

R#
z (−A2) = R#

i
√
z
(A)R#

−i
√
z
(A)
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i ôîðìóëó (2), çíàéäåìî ðåçîëüâåíòíó ôóíêöiþ îïåðàòîðà (12):

(
R#

z (A)φ
)
(t) = φ(t) + i

√
z

t∫
0

φ(τ)ei
√
z(t−τ)dτ−

−i
√
z

t∫
0

φ(τ) + i
√
z

τ∫
0

φ(u)ei
√
z(τ−u)du

 e−i
√
z(t−τ)dτ =

= φ(t) + i
√
z

t∫
0

φ(τ)ei
√
z(t−τ)dτ − i

√
z

t∫
0

φ(τ)e−i
√
z(t−τ)dτ+

+z

t∫
0

φ(u)
ei

√
z(−t−u+2τ)

2i
√
z

∣∣∣∣∣∣
t

u

du = φ(t) +
1

2
i
√
z

t∫
0

φ(τ)ei
√
z(t−τ)dτ−

−1

2
i
√
z

t∫
0

φ(τ)e−i
√
z(t−τ)dτ = φ(t)−

√
z

t∫
0

φ(τ) sin
√
z(t− τ)dτ. (13)

Íà ïiäñòàâi (13) íåâàæêî ïiäðàõóâàòè, ùî

(Akφ)(t) = (−1)k
t∫

0

(t− τ)2k−1

(2k − 1)!
φ(τ)dτ.

ßêùî òåïåð ïîêëàñòè Y = C[0, 1] i ðîçãëÿíóòè íà äîáóòêó ïðîñòîðiâ X × Y áiëiíiéíó

ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)dt,

òî

(A∗jψ)(t) = (−1)j
1∫

t

(τ − t)2j−1

(2j − 1)!
ψ(τ)dτ.

Ïîêëàäåìî x0(t) ≡ 1, y0(t) ≡ 1. Òîäi

f(z) =

1∫
0

(
R#

z (A)x0
)
(t)dt =

1∫
0

1−
√
z

t∫
0

sin
√
z(t− τ)dτ

 dt =
sin

√
z√

z
. (14)

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(−1)k

(2k + 1)!
, k = 0,∞,
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êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

sin
√
z√

z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =

1∫
0

(−1)k
t2k

(2k)!
· (1− t)2j

(2j)!
dt, k, j = 0,∞.

Çàóâàæåííÿ 1. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ äëÿ ôóíêöi¨ (14) ôàêòè÷íî áóëè ïîáó-

äîâàíi, âèâ÷åíi òà âèêîðèñòàíi äëÿ àíàëiçó ïîâåäiíêè äiàãîíàëüíèõ àïðîêñèìàíò ôóíêöié

sin z, cos z, sh z i ch z Â.Ê. Äçÿäèêîì â ðîáîòi [49].

Ïîêëàäåìî òåïåð x0(t) ≡ 1, y0(t) = (1− t2)ν−1/2 ∈ C[0, 1)∩L[0, 1], ν > −1/2. Îòðèìà¹ìî:

f(z) =

1∫
0

cos
√
zt · (1− t2)ν−1/2dt =

Jν(
√
z)π1/2Γ(ν + 1/2)

2(
√
z/2)ν

,

äå

Jν(z) =
(z
2

)ν ∞∑
k=0

(
−z

2

4

)k

k!Γ(k + ν + 1)

� ôóíêöiÿ Áåññåëÿ ïîðÿäêó ν (äèâ. [98, c. 180�182]).

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 6. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(−1)kπ1/2Γ(ν + 1/2)

4k+1/2k!Γ(k + ν + 1)
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

Jν(
√
z)π1/2Γ(ν + 1/2)

2(
√
z/2)ν

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×C[0, 1] âèãëÿäó

sk+j =

1∫
0

(−1)kt2k

(2k)!
·

1∫
t

(τ − t)2j−1

(2j − 1)!
(1− τ 2)ν−1/2dτdt, k, j = 0,∞.

Âiçüìåìî çà ïî÷àòêîâi åëåìåíòè x0(t) = t, y0(t) = 1/t ∈ C(0, 1] ∩ L([0, 1], tdt). Òîäi

f(z) =

1∫
0

sin
√
zt√

zt
dt =

Si(
√
z)√
z

,
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äå

Si(z) =
∞∑
k=0

(−1)kz2k+1

(2k + 1)(2k + 1)!

� iíòåãðàëüíèé ñèíóñ (äèâ. [98, c.59 ]).

Òåîðåìà 7. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(−1)k

(2k + 1)(2k + 1)!
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

Si(
√
z)√
z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1] × (C(0, 1] ∩
L([0, 1], tdt)) âèãëÿäó

sk+j =

1∫
0

(−1)k
t2k+1

(2k + 1)!
· (−1)j

1∫
t

(τ − t)2j−1

(2j − 1)!

1

τ
dτdt, k, j = 0,∞.

Íàðåøòi ïîêëàäåìî x0(t) ≡ 1, y0(x) = 1/
√
t ∈ C(0, 1] ∩ L[0, 1]. Îòðèìà¹ìî:

f(z) =

1∫
0

cos
√
zt√
t

dt = 2

1∫
0

cos
√
zt2dt =

√
2π

C

(√
2

π
z1/4

)
z1/4

,

äå

C(z) =
∞∑
k=0

(−1)k(π/2)2k

(2k)!(4k + 1)
z4k+1

� iíòåãðàë Ôðåíåëÿ (äèâ. [98, c. 123]).

Òåîðåìà 8. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(−1)k

(2k)!(2k + 1/2)
, k = 0,∞

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

√
2π

C

(√
2

π
z1/4

)
z1/4
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ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×(C(0, 1]∩L[0, 1])
âèãëÿäó

sk+j =

1∫
0

(−1)k
t2k

(2k)!
· (−1)j

1∫
t

(τ − t)2j−1

(2j − 1)!

1√
τ
dτdt, k, j = 0,∞.

Ïîäàëüøèì óçàãàëüíåííÿì ñèòóàöié, ùî ìàëè ìiñöå â òåîðåìàõ 1, 2 òà 5, ¹ ðîç-

ãëÿä â ïðîñòîði L[0, 1] ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà äðîáîâîãî iíòåãðóâàííÿ Ðiìàíà-

Ëióâiëëÿ:

(Aφ)(t) =

t∫
0

(t− τ)1/ρ−1

Γ(1/ρ)
φ(τ)dτ, 0 < ρ <∞.

Ñòåïåíi öüîãî îïåðàòîðà ìîæóòü áóòè çàïèñàíi ó âèãëÿäi:

(Akφ)(t) =

t∫
0

(t− τ)k/ρ−1

Γ(k/ρ)
φ(τ)dτ, k = 1,∞,

çâiäêè (
R#

z (A)φ
)
(t) =

∞∑
k=0

zk(Akφ)(t) = φ(t) +

t∫
0

∞∑
k=1

(t− τ)k/ρ−1zk

Γ(k/ρ)
φ(τ)dτ =

= φ(t) + z

t∫
0

φ(τ)(t− τ)1/ρ−1Eρ(z(t− τ)1/ρ; 1/ρ)dτ,

äå

Eρ(z;µ) :=
∞∑
k=0

zk

Γ(k/ρ+ µ)
(15)

� ôóíêöiÿ òèïó Ìiòòàã�Ëåôôëåðà (äèâ. [46, c. 117]). Ïîêëàäåìî òåïåð Y = C[0, 1)∩L[0, 1]
i ðîçãëÿíåìî íà X × Y áiëiíiéíó ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)dt.

Ëåãêî áà÷èòè, ùî

(A∗jψ)(t) =

1∫
t

(τ − t)j/ρ−1

Γ(j/ρ)
ψ(τ)dτ, j = 1,∞,

i ïðè x0(t) = tν1
Γ(ν1+1)

, y0(t) =
(1−t)ν2

Γ(ν2+1)
ìè îòðèìà¹ìî:

sk = ⟨xk, y0⟩ =
1

Γ(k/ρ+ ν1 + ν2 + 2)
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i îòîæ:

f(z) =
∞∑
k=0

skz
k = Eρ(z; ν1 + ν2 + 2).

Âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 9. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

Γ(k/ρ+ ν + 2)
, ν > −2, 0 < ρ <∞, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k = Eρ(z; ν + 2)

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]×(C[0, 1)∩L[0, 1])
âèãëÿäó

sk+j =

1∫
0

tk/ρ+ν1

Γ(k/ρ+ ν1 + 1)
· (1− t)j/ρ+ν2

Γ(j/ρ+ ν2 + 1)
dt, k, j = 0,∞,

äå ν1, ν2 > −1, ν1 + ν2 = ν.

Çàóâàæåííÿ 2. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ ôóíêöié Ìiòòàã�Ëåôôëåðà áóëè ïî-

áóäîâàíi òà âèâ÷åíi â [18]. Ïîøèðåííÿ öèõ ðåçóëüòàòiâ íà ôóíêöi¨ òèïó Ìiòòàã�Ëåôôëåðà

áóëî âèêîíàíî Ì.Ì. ×èïîì â [109].

� 2. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ áàçèñíèõ ãiïåðãåîìåòðè÷íèõ ðÿäiâ

Ñèòóàöiþ, íàâåäåíó â òåîðåìi 1, ìîæíà óçàãàëüíèòè ùå é òàêèì ÷èíîì � ðîçãëÿíåìî ó

ïðîñòîði X = L[0, 1] ïðè äåÿêîìó q ∈ (0,+∞), q ̸= 1, ëiíiéíèé îáìåæåíèé îïåðàòîð

(Aφ)(t) =

tq∫
0

φ(τ)dτ. (16)

Ïåðåêîíà¹ìîñÿ, ùî ñòåïåíi îïåðàòîðà (16) ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi:

(Akφ)(t) =

tq
k∫

0

φ(u)
k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k −m− 1)q!
t(k−m)q−1umqq−m

du, k = 1,∞, (17)

äå

kq := 1 + q + · · ·+ qk−1 =
qk − 1

q − 1
,

kq! :=


k∏

i=1

iq = (1 + q)(1 + q + q2) · . . . · (1 + q + · · ·+ qk−1), ïðè k ≥ 1,

1, ïðè k = 0.
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Äëÿ öüîãî ïiäðàõó¹ìî (Ak+1φ)(t) :

(Ak+1φ)(t) =

tq
k∫

0

uq∫
0

φ(τ)dτ
k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k − 1−m)q!
t(k−m)q−1umqq−m

du =

=
1

q

tq
k+1∫
0

s∫
0

φ(τ)dτ
k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k − 1−m)q!
t(k−m)q−1smqq−m−1+q−1−1ds =

=
1

q

tq
k+1∫
0

φ(τ)

tq
k+1∫
τ

k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k − 1−m)q!
t(k−m)q−1s(m+1)qq−m−1−1dsdτ =

=

tq
k+1∫
0

φ(τ)
k−1∑
m=0

(−1)m
qm(m+1)/2

(m+ 1)q!(k − 1−m)q!
t(k−m)q−1

(
t(m+1)qqk−m − τ (m+1)qq−m−1

)
dτ =

=

tq
k+1∫
0

φ(τ)

{
t(k+1)q−1

k∑
m=1

(−1)m−1 qm(m−1)/2

mq!(k −m)q!
+

+
k∑

m=1

(−1)m
qm(m−1)/2

mq!(k −m)q!
t(k+1+m)q−1τmqq−m

}
dτ. (18)

Ïîðiâíþþ÷è (18) ç ôîðìóëîþ (17), â ÿêié çàìiñòü k ñòî¨òü k + 1, áà÷èìî, ùî íàì

çàëèøèëîñÿ äîâåñòè, ùî

1

kq!
= −

k∑
m=1

(−1)m
qm(m−1)/2

mq!(k −m)q!
,

àáî ùî
k∑

m=0

(−1)m
qm(m−1)/2kq!

mq!(k −m)q!
= 0. (19)

Äëÿ öüîãî ñêîðèñòà¹ìîñÿ âëàñòèâîñòÿìè òàê çâàíèõ ìíîãî÷ëåíiâ Ãàóññà:[
k

m

]
:=

{ kq!

mq!(k −m)q!
, ÿêùî 0 ≤ m ≤ k,

0, â ïðîòèëåæíîìó âèïàäêó.

Ìà¹ ìiñöå òîòoæíiñòü (äèâ. [111, c. 50]):

k∑
m=0

[
k

m

]
(−1)mzmqm(m−1)/2 = (1− z)(1− zq) · . . . · (1− zqk−1). (20)
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Ïîêëàäàþ÷è â (20) z = 1, îòðèìó¹ìî (19) i, îòæå, ñïðàâåäëèâiñòü ôîðìóëè (17) äîâåäåíà.

Âiçüìåìî òåïåð Y = C[0, 1] i ðîçãëÿíåìî íà X × Y áiëiíiéíó ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)dt.

Íåñêëàäíèé ïiäðàõóíîê äà¹ íàñòóïíi ôîðìóëè äëÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà

(16) òà éîãî ñòåïåíiâ âiäíîñíî öi¹¨ áiëiíiéíî¨ ôîðìè:

(A∗ψ)(t) =

1∫
t1/q

ψ(τ)dτ,

(Aj∗ψ)(t) =

1∫
t1/q

j

ψ(τ)

j−1∑
m=0

(−1)m
qm(m−1)/2

mq!(j − 1−m)q!
τ (j−m)q−1tmqq−m

dτ.

Ïîêëàäåìî òåïåð x0(t) ≡ 1. Òîäi

xk(t) = (Akx0)(t) =

tq
k∫

0

k−1∑
m=0

(−1)m
qm(m−1)

mq!(k − 1−m)q!
t(k−m)q−1umqq−m

du =

=
k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k − 1−m)q!
t(k−m)q−1 t

mqqk−m+qm

mqq−m + 1
=

= t(k+1)q−1

k∑
m=1

(−1)m−1 qm(m−1)/2

mq!(k −m)q!
=

= t(k+1)q−1

{
−

k∑
m=0

(−1)m
qm(m−1)/2

mq!(k −m)q!
+

1

kq!

}
=
t(k+1)q−1

kq!
.

Ïðè öüîìó ìè çíîâó âèêîðèñòàëè òîòîæíiñòü (20). Ïîêëàäåìî òåïåð y0(t) ≡ 1. Àíàëîãi÷íî

îòðèìà¹ìî:

yj(t) = (A∗jy0)(t) =

j∑
m=0

(−1)m
qm(m−1)/2

mq!(j −m)q!
tmqq−m

. (21)

Íàðåøòi ïiäðàõó¹ìî óçàãàëüíåíi ìîìåíòè

sk =

1∫
0

xk(t)dt =

1∫
0

t(k+1)q−1

kq!
dt =

1

(k + 1)q!
, k = 0,∞. (22)

Òàêèì ÷èíîì ìè ïîáóäóâàëè óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ ïîñëiäîâíîñòi êîåôi-

öi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

zk

(k + 1)q!
=
Eq(z)− 1

z
, (23)
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äå q �àíàëîã åêñïîíåíòè Eq(z) âèçíà÷à¹òüñÿ ðÿäîì (äèâ. [79])

Eq(z) :=
∞∑
k=0

zk

kq!
.

Òåîðåìà 10 [21, 24]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

(k + 1)q!
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
Eq(z)− 1

z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1∫
0

t(k+1)q−1

kq
·

j∑
m=0

(−1)m
qm(m−1)/2

mq!(j −m)q!
tmqq−m

dt, k, j = 0,∞.

Äëÿ òîãî, ùîá îòðèìàòè iíøå çîáðàæåííÿ ôóíêöi¨ Eq(z), ñêîðèñòà¹ìîñÿ íàñòóïíèì

ïîçíà÷åííÿì (äèâ. [111, c.31]):

(a; q)k =

{
(1− a)(1− aq) · . . . · (1− aqk−1), ïðè k ≥ 1,

1, ïðè k = 0.
(24)

Çàóâàæèìî, ùî ïî àíàëîãi¨ ç ñèìâîëîì Ïîõãàììåðà (α)k, îçíà÷åíèì çà ôîðìóëîþ (6), ñèì-

âîë (a; q)k, îçíà÷åíèé çà ôîðìóëîþ (24), iíîäi íàçèâàþòü q-ñèìâîëîì Ïîõãàììåðà. Áóäåìî

ìàòè:

kq! =
k−1∏
m=1

(1 + q + · · ·+ qm) =
1

(1− q)k

k∏
m=1

(1− qm) =
(q; q)k
(1− q)k

. (25)

Îòîæ,

Eq(z) =
∞∑
k=0

zk

kq!
=

∞∑
k=0

((1− q)z)k

(q; q)k
. (26)

Ë. Åéëåðîì âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò (äèâ. [111, c. 32]).

Òåîðåìà 11. Ïðè |z| < 1, |q| < 1 âèêîíóþòüñÿ òîòîæíîñòi:

1 +
∞∑
k=1

zk

(1− q)(1− q2) · . . . · (1− qk)
=

∞∏
k=0

(1− zqk)−1, (27)

1 +
∞∑
k=1

zkqk(k−1)/2

(1− q)(1− q2) · . . . · (1− qk)
=

∞∏
k=0

(1 + zqk). (28)
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Ïðè |q| < 1, âðàõîâóþ÷è (26) i (27), îòðèìà¹ìî

Eq(z) =
∞∏
k=0

(1− ((1− q)z)qk)−1.

Ïðè |q| > 1, âðàõîâóþ÷è (26) i (28), îòðèìà¹ìî

Eq(z) =
∞∑
k=0

(1− q)kzk

(1− q)(1− q2) · . . . · (1− qk)
=

=
∞∑
k=0

((q − 1)z)k
(
1

q

)k(k+1)/2

(1/q; 1/q)k
=

∞∏
k=0

(
1 +

(q − 1)z

qk+1

)
.

Çàëèøàþ÷è y0(t) ≡ 1, ïîêëàäåìî òåïåð x0(t) = tν , ν > −1. Îòðèìà¹ìî

xk(t) = (Akx0)(t) =

=

tq
k∫

0

k−1∑
m=0

(−1)m
qm(m−1)/2

mq!(k − 1−m)q!
t(k−m)q−1umqq−m+νdu =

t(k+1)q−1+νqk

k∏
m=1

(mq + νqm−1)

.

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè áóäóòü ìàòè âèãëÿä:

sk =

1∫
0

xk(t)dt =

1∫
0

t(k+1)q−1+νqk

k∏
m=1

(mq + νqm−1)

dt =
1

k+1∏
m=1

(mq + νqm−1)

, k = 0,∞. (29)

Òâiðíó ôóíêöiþ ïîñëiäîâíîñòi (29) ìîæíà ïðåäñòàâèòè ó âèãëÿäi:

f(z) =
∞∑
k=0

zk

(1 + ν)(1 + q + νq) · . . . · (1 + q + . . .+ qk + νqk)
=

=
∞∑
k=0

(1/q)k(k+1)/2zk

(ν + 1)(ν + 1 + 1/q) · . . . · (ν + 1 + 1/q + . . .+ 1/qk)
=

=
∞∑
k=0

(1
q
)k(k+1)/2(1− 1

q
)k+1zk(

ν(1− 1
q
) + 1

)k+1

(1− 1
ν(1− 1

q
)+1

· 1
q
) · . . . · (1− 1

ν(1− 1
q
)+1

· 1
qk+1 )

=

=
∞∑
k=0

(1
q
)k(k+1)/2( q−1

ν(q−1)+q
)k+1zk

( 1
ν(q−1)+1

; 1
q
)k+1

.

Îòðèìàíî íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 12 [21, 24]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

k+1∏
m=1

(mq + νqm−1)

, ν > −1, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

(1
q
)k(k+1)/2( q−1

ν(q−1)+q
)k+1zk

( 1
ν(q−1)+1

; 1
q
)k+1

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1∫
0

t(k+1)q−1+νqk

k∏
m=1

(mq + νqm−1

·
j∑

m=0

(−1)m
qm(m−1)/2

mq!(j −m)q!
tmqq−m

dt, k, j = 0,∞.

Ðîçãëÿíåìî òåïåð ó ïðîñòîði X = L[0, 1] ïðè äåÿêîìó q ∈ (0,∞) ëiíiéíèé íåïåðåðâíèé

îïåðàòîð

(Aφ)(t) = κ

tq∫
0

φ(τ)dτ + tqφ(tq). (30)

Ïåðåêîíà¹ìîñÿ, ùî ñòåïåíi îïåðàòîðà (30) ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

(Akφ)(t) =

tq
k∫

0

φ(τ)
k−1∑
m=0

(−1)mt(k−m)q−1τmqq−m×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
dτ + t(k+1)q−1φ(tq

k

), k = 1,∞. (31)

Äëÿ öüîãî ïiäðàõó¹ìî (Ak+1φ)(t) :

(Ak+1φ)(t) =

tq
k∫

0

κ

τq∫
0

φ(u)du+ τ qφ(τ q)


k−1∑
m=0

(−1)mt(k−m)q−1τmqq−m×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
dτ + t(k+1)q−1

κ

tq
k+1∫
0

φ(u)du+ tq
k+1

φ(tq
k+1

)

 =

=
κ
q

tq
k+1∫
0

s∫
0

φ(u)du
k−1∑
m=0

(−1)mt(k−m)q−1smqq−m−1

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
s1/q−1ds+
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+
1

q

tq
k+1∫
0

φ(s)
k−1∑
m=0

(−1)mt(k−m)q−1smqq−m−1

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
s1/qds+

+κt(k+1)q−1

tq
k+1∫
0

φ(u)du+ t(k+2)q−1φ(tq
k+1

) =

=
κ
q

tq
k+1∫
0

φ(u)

tq
k+1∫
u

k−1∑
m=0

(−1)mt(k−m)q−1smqq−m−1+q−1−1×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
dsdu+

1

q

tq
k+1∫
0

φ(s)
k−1∑
m=0

(−1)mt(k−m)q−1smqq−m−1+q−1×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
ds+ κt(k+1)q−1

tq
k+1∫
0

φ(u)du+ t(k+2)q−1φ(tq
k+1

) =

=

tq
k+1∫
0

φ(u)

κt(k+1)q−1

1 +
k−1∑
m=0

(−1)m

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

(m+ 1)q!(k − 1−m)q!

+

+
k∑

m=1

(−1)mt(k+1−m)q−1umqq−m

k−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k −m)q!qm

 du+ t(k+2)q−1φ(tq
k+1

). (32)

Ïîðiâíþþ÷è (32) ç ôîðìóëîþ (31), â ÿêié çàìiñòü k ñòî¨òü k+1, áà÷èìî, ùî íàì çàëèøèëîñü

äîâåñòè òîòîæíiñòü

k∏
r=0

(κ+ rq)

kq!
= κ

1 +
k−1∑
m=0

(−1)m

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

(m+ 1)q!(k − 1−m)q!

 . (33)

Ëåãêî áà÷èòè, ùî òîòoæíiñòü (33) åêâiâàëåíòíà òîòîæíîñòi

k∑
m=0

(−1)m

k−m∏
r=0

(κ+ rq)
m−1∏
p=0

(κqp − pq)

mq!(k −m)q!
= κ. (34)
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Ðîçãëÿíåìî òâiðíó ôóíêöiþ ïîñëiäîâíîñòi ëiâèõ ÷àñòèí ðiâíîñòi (34):

K(z) =
∞∑
k=0

zk
k∑

m=0

(−1)m

k−m∏
r=0

(κ+ rq)
m−1∏
p=0

(κqp − pq)

mq!(k −m)q!
=

=
∞∑

m=0

(−1)m

m−1∏
p=0

(κqp − pq)

mq!

∞∑
k=m

zk

k−m∏
r=0

(κ+ rq)

(k −m)q!
=

=
∞∑

m=0

(−1)mzm

m−1∏
p=0

(κqp − pq)

mq!

∞∑
k=0

zk

k∏
r=0

(κ+ rq)

kq!
= K1(z) ·K2(z).

Ùîá îá÷èñëèòè K1(z), ïðèéìåìî äî óâàãè, ùî

m−1∏
p=0

(κqp − pq) =
m−1∏
p=0

(
κqp − 1− qp

1− q

)
=

(−1)m

(1− q)m

m−1∏
p=0

(1− qp(1 + κ(1− q))) =

=
1

(q − 1)m
(1 + κ(1− q); q)m,

à òàêîæ ðàíiøå âñòàíîâëåíó ðiâíiñòü (25):

K1(z) =
∞∑

m=0

(−1)mzm

m−1∏
p=0

(κqp − pq)

mq!
=

∞∑
m=0

zm
(1 + κ(1− q); q)m

(q; q)m
. (35)

Ñêîðèñòà¹ìîñÿ òåïåð íàñòóïíèì ðåçóëüòàòîì, ùî íàëåæèòü Î. Êîøi (äèâ. [111, c.31])

Òåîðåìà 13. Íåõàé |q| < 1, |z| < 1. Òîäi

1 +
∞∑
k=1

(1− a)(1− aq) · . . . · (1− aqk−1)zk

(1− q)(1− q2) · . . . · (1− qk)
=

∞∏
k=0

(1− azqk)

(1− zqk)
. (36)

Ñïiâñòàâëÿþ÷è (35) òà (36), ìà¹ìî:

K1(z) =
∞∏
k=0

1− (1 + κ(1− q))zqk

1− zqk
.

Ùîá îá÷èñëèòè K2(z), ñïî÷àòêó ïiäðàõó¹ìî:

k∏
r=0

(κ+ rq) =
k∏

r=0

(
κ+

1− qr

1− q

)
=

κ
(1− q)k

k∏
r=1

(
κ(1− q) + 1− qk

)
=

=
κ(κ(1− q) + 1)k

(1− q)k

k∏
r=1

(
1− qr

κ(1− q) + 1

)
=

κ(κ(1− q) + 1)k

(1− q)k

(
q

κ(1− q) + 1
; q

)
k

.

43



Òîìó, âðàõîâóþ÷è (36),

K2(z) =
∞∑
k=0

zk

k∏
r=0

(κ+ rq)

kq!
= κ

∞∑
k=0

( q
κ(1−q)+1

; q)k

(q; q)k
(z(κ(1− q) + 1))k =

= κ
∞∏
k=0

(1− zqk+1)

(1− (κ(1− q) + 1)zqk)
.

Òàêèì ÷èíîì, øóêàíà òâiðíà ôóíêöiÿ äîðiâíþ¹:

K(z) = K1(z) ·K2(z) = κ
∞∏
k=0

(1− zqk+1)

(1− zqk)
=

κ
1− z

,

çâiäêè i âèïëèâà¹ òîòîæíiñòü (34), à ç íåþ i çîáðàæåííÿ (31). Çàóâàæèìî, ùî â õîäi äî-

âåäåííÿ ìè ïðèïóñêàëè, ùî |q| < 1, àëå, âðàõîâóþ÷è àíàëiòè÷íiñòü îáîõ ÷àñòèí (34) çà

çìiííîþ q, öå ïðèïóùåííÿ íå ¹ íåîáõiäíèì äëÿ ñïðàâåäëèâîñòi çîáðàæåííÿ (31).

Çíîâó ïîêëàäàþ÷è Y , ðîçãëÿíåìî áiëiíiéíó ôîðìó íà X × Y

⟨x, y⟩ =
1∫

0

x(t)y(t)dt.

Íåñêëàäíî îòðèìàòè òåïåð çîáðàæåííÿ äëÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà (30) òà

éîãî ñòåïåíiâ:

(A∗ψ)(t) = κ

1∫
t1/q

ψ(τ)dτ +
1

q
ψ(t1/q)t1/q,

(A∗jψ)(t) =

1∫
t1/q

j

ψ(τ)

j−1∑
m=0

(−1)mτ (j−m)q−1tmqq−m×

×

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j − 1−m)q!qm
dτ +

1

qj
ψ(t1/q

j

)tjqq
−j

, j = 1,∞.

Ïîêëàäåìî x0(t) ≡ 1. Âðàõîâóþ÷è (31), îòðèìà¹ìî:

xk(t) = (Akx0)(t) =

tq
k∫

0

k−1∑
m=0

(−1)mt(k−m)q−1τmqq−m×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
dτ + t(k+1)q−1 =
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= t(k+1)q−1


k−1∑
m=0

(−1)m

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

(m+ 1)q!(k − 1−m)q!
+ 1

 =

=

k∏
r=0

(κ+ rq)

κkq!
t(k+1)q−1 =

k∏
r=1

(κ+ rq)

kq!
t(k+1)q−1.

Àíàëîãi÷íî ïðè y0(t) ≡ 1 îòðèìà¹ìî:

yj(t) = (A∗jy0)(t) =

j−1∑
m=0

(−1)mtmqq−m

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j −m)q!qm
+

+tjqq
−j


1

qj
−

j−1∑
m=0

(−1)m

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j −m)q!qm

 =

=

j∑
m=0

(−1)m

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j −m)q!qm
tmqq−m

.

Îá÷èñëèìî óçàãàëüíåíi ìîìåíòè:

·
sk =

1∫
0

xk(t)dt =

1∫
0

k∏
r=1

(κ+ rq)

kq!
t(k+1)q−1dt =

k∏
r=1

(κ+ rq)

(k + 1)q!
, k = 0,∞. (37)

Âðàõîâóþ÷è òåîðåìó 13, ïðè |q| < 1 ìà¹ìî

f(z) =
∞∑
k=0

skz
k =

∞∑
k=0

k∏
r=1

(κ+ rq)

(k + 1)q!
zk = (1− q)

∞∑
k=0

∏k

r=1
(κ(1− q) + 1− qr)

(q; q)k+1

zk =

= (1− q)
∞∑
k=0

zk(κ(1− q) + 1)k

k∏
r=1

(1− qr

κ(1−q)+1
)

(q; q)k+1

=

=
1

κ

∞∑
k=0

zk(κ(1− q) + 1)k+1
( 1
κ(1−q)+1

; q)k+1

(q; q)k+1

=

=
1

κz

{
−1 +

∞∑
k=0

zk(κ(1− q) + 1)k
( 1
κ(1−q)+1

; q)k

(q; q)k

}
=

∞∏
k=0

(1−zqk)
(1−(κ(1−q)+1)zqk)

− 1

κz
. (38)
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Àíàëîãi÷íî, ïðè |q| > 1 áóäå

f(z) =
1

κz

{
−1 +

∞∑
k=0

(κ(1− q) + 1; 1
q
)k

(1
q
; 1
q
)k

(
z

q

)k
}

=

∞∏
k=0

(1−(κ(1−q)+1)zq−k−1)
(1−zq−k−1)

− 1

κz
. (39)

Âñòàíîâëåíî òàêèì ÷èíîì íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 14 [21, 24]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =

k∏
r=1

(κ+ rq)

(k + 1)q!
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ (38) ïðè |q| < 1, àáî æ ôóíêöi¨ (39) ïðè |q| > 1

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1∫
0

k∏
r=1

(κ+ rq)

kq!
t(k+1)q−1 ·

j∑
m=0

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j −m)q!qm
tmqq−m

dt, k, j = 0,∞.

Çàëèøàþ÷è y0(t) ≡ 1, ïîêëàäåìî òåïåð x0(t) = tν , ν > −1. Îòðèìà¹ìî

xk(t) = (Akx0)(t) =

tq
k∫

0

k−1∑
m=0

(−1)mt(k−m)q−1τmqq−m×

×

k−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(k − 1−m)q!qm
dτ + t(k+1)q−1+νqk =

k∏
m=1

mq + νqm−1 + κ
mq + νqm−1

t(k+1)q−1+νqk .

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè:

sk =

1∫
0

xk(t)dt =

1∫
0

k∏
m=1

mq + νqm−1 + κ
mq + νqm−1

t(k+1)q−1+νqkdt =

=

k∏
m=1

(mq + νqm−1 + κ)

k+1∏
m=1

(mq + νqm−1)

, k = 0,∞. (40)

Îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 15 [21, 24]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =

k∏
m=1

(mq + νqm−1 + κ)

k+1∏
m=1

(mq + νqm−1)

, k = 0,∞,

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1∫
0

k∏
m=1

mq + νqm−1 + κ
mq + νqm−1

t(k+1)q−1+νqk ·
j∑

m=0

j−1−m∏
r=0

(κ+ rq)
m∏
p=1

(κqp − pq)

mq!(j −m)q!qm
tmqq−m

dt, k, j = 0,∞.

Ôóíêöi¨, ùî áóëè ðîçãëÿíóòi â òåîðåìàõ 10, 12, 14 òà 15, òiñíî ïîâ'ÿçàíi ç òàê çâàíèìè

áàçèñíèìè ãiïåðãåîìåòðè÷íèìè ðÿäàìè (äèâ.[15]).

Îçíà÷åííÿ 1 [6, c. 196]. Áàçèñíèì ãiïåðãåîìåòðè÷íèì ðÿäîì ïðè äåÿêîìó q, |q| < 1,

íàçèâà¹òüñÿ ñòåïåíåâèé ðÿä âèãëÿäó

rΦs

[
α1, α2, . . . , αr; z

ρ1, ρ2, . . . , ρs

]
=

∞∑
k=0

(α1; q)k(α2; q)k · . . . · (αr; q)k
(q; q)k(ρ1; q)k · . . . · (ρs; q)k

zk.

Iíøèé ïiäõiä äî ïîáóäîâè óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü áàçèñíèõ ãiïåðãåîìåò-

ðè÷íèõ ðÿäiâ ãðóíòó¹òüñÿ íà ïîíÿòòi q-iíòåãðàëà Ô. Äæåêñîíà [181].

Îçíà÷åííÿ 2. Äëÿ äåÿêîãî ôiêñîâàíîãî q, |q| < 1, q-iíòåãðàë âiä çàäàíî¨ íà âiäðiçêó

[0, 1] ôóíêöi¨ φ(x) âèçíà÷à¹òüñÿ çà ôîðìóëîþ

Φ(x) =

x∫
0

φ(u)dqu = x(1− q)
∞∑
k=0

φ(xqk)qk, (41)

äå x ∈ [0, 1], ÿêùî òiëüêè ðÿä â ïðàâié ÷àñòèíi (41) çáiãà¹òüñÿ.

Îáåðíåíèì îïåðàòîðîì äî îïåðàòîðà q-iíòåãðóâàííÿ (41) ¹ îïåðàòîð q-

äèôåðåíöiþâàííÿ.

Îçíà÷åííÿ 3 (äèâ. [114]). Äëÿ äåÿêîãî ôiêñîâàíîãî q, |q| < 1, q � ïîõiäíà çàäàíî¨ íà

âiäðiçêó [0, 1] ôóíêöi¨ Φ(x) âèçíà÷à¹òüñÿ çà ôîðìóëîþ:

dq
dqx

Φ(x) =
Φ(x)− Φ(qx)

(1− q)x
. (42)

Î÷åâèäíî, ùî ó âèïàäêó iñíóâàííÿ q-iíòåãðàëà (41) ìà¹ ìiñöå òîòoæíiñòü

dq
dqx

x∫
0

φ(u)dqu ≡ φ(u).
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Ðîçãëÿíåìî òåïåð ó ïðîñòîði X = L[0, 1] ∩ C(0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) =

t∫
0

φ(τ)dqτ = t(1− q)
∞∑
k=0

φ(tqk)qk. (43)

Ïiäðàõó¹ìî éîãî ðåçîëüâåíòíó ôóíêöiþ, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

φ(t)− z

t∫
0

φ(u)dqu = ψ(t). (44)

Çàñòîñó¹ìî äî (44) îïåðàòîð q-äèôåðåíöiþâàííÿ (42):

dq
dqt

φ(t)− zφ(t) =
dq
dqt

ψ(t). (45)

Ñïåðøó ðîçãëÿíåìî îäíîðiäíå q-äèôåðåíöiàëüíå ðiâíÿííÿ

dq
dqt

φ(t)− zφ(t) = 0.

Âðàõîâóþ÷è (42), ïîñëiäîâíî îòðèìà¹ìî

φ(t) =
φ(qt)

1− z(1− q)t
=

φ(q2t)

(1− z(1− q)t)(1− z(1− q)qt)
= . . . =

φ(0)
∞∏

m=0

(1− z(1− q)tqm)

.

Ïîçíà÷èìî

ω(t) =
1

∞∏
m=0

(1− (1− q)tqm)

i áóäåìî øóêàòè ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ (45) ó âèãëÿäi

φ(t) = C(t)ω(zt). (46)

Âðàõîâóþ÷è òîòoæíiñòü

dq
dqt

(x(t)y(t)) = x(qt)
dq
dqt

y(t) + y(t)
dq
dqt

x(t),

ÿêà ¹ ïðîñòèì íàñëiäêîì îçíà÷åííÿ (42), îòðèìà¹ìî ç (45) i (46)

dq
dqt

C(t) =
1

ω(qzt)

dq
dqt

ψ(t).

Òàêèì ÷èíîì,

C(t) =

t∫
0

1

ω(qzτ)

dq
dqτ

ψ(τ)dqτ + C0, (47)

48



äå C0 � äåÿêà êîíñòàíòà. Ç îçíà÷åíü q-iíòåãðàëà òà q-ïîõiäíî¨ ìîæíà âèâåñòè ôîðìóëó, ùî

¹ àíàëîãîì iíòåãðóâàííÿ ÷àñòèíàìè:

t∫
0

x(τ)
dq
dqτ

y(τ)dqτ = x(τ)y(τ)|t0 −
t∫

0

y(qτ)
dq
dqτ

x(τ)dqτ. (48)

Âèêîðèñòîâóþ÷è (48), ç (47) ìà¹ìî

C(t) =
ψ(t)

ω(zt)
− ψ(0)

ω(0)
−

t∫
0

ψ(τ)
dq
dqτ

1

ω(zτ)
dqτ + C0. (49)

ßê ëåãêî ïåðåêîíàòèñÿ,

dq
dqτ

1

ω(zτ)
=

∞∏
m=0

(1− (1− q)zτqm)−
∞∏

m=0

(1− (1− q)zτqm+1)

(1− q)τ
=

−z
ω(zqτ)

. (50)

Ç (46), (49) òà (50) îòðèìà¹ìî

φ(t) = ψ(t)− ψ(0)ω(zt) + z

t∫
0

ψ(τ)
ω(zt)

ω(zτq)
dqτ + C0ω(zt).

Ïîêëàäàþ÷è â (44) t = 0, áà÷èìî, ùî φ(0) = ψ(0), îòîæ îñòàòî÷íî

(R#
z (A)ψ)(t) = φ(t) = ψ(t) + z

t∫
0

ψ(τ)
∞∏

m=0

1− (1− q)zτqm+1

1− (1− q)ztqm
dqτ.

Âèêîðèñòîâóþ÷è òîòîæíiñòü (36), îòðèìà¹ìî

∞∏
m=0

1− (1− q)zτqm+1

1− (1− q)ztqm
=

∞∑
k=0

(τq/t; q)k
(q; q)k

((1− q)zt)k =
∞∑
k=0

k∏
m=1

(t− τqm)

(q; q)k
((1− q)z)k.

Òàêèì ÷èíîì, ñòåïåíi îïåðàòîðà (43) ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi

(Akφ)(t) = (1− q)k−1

t∫
0

φ(τ)

k−1∏
m=1

(t− τqm)

(q; q)k−1

dqτ, k = 1,∞.

Ïîêëàäåìî òåïåð Y = C[0, 1]. Âðàõîâóþ÷è, ùî çà îçíà÷åííÿì

b∫
a

φ(t)dqt :=

b∫
0

φ(t)dqt−
a∫

0

φ(t)dqt),
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íåâàæêî ïåðåêîíàòèñü, ùî ìà¹ ìiñöå ôîðìóëà

1∫
0

x(t)

t∫
0

K(t, τ)y(τ)dqτdqt =

1∫
0

y(t)

1∫
qt

K(τ, t)x(τ)dqτdqt (51)

À òîìó ñòåïåíi îïåðàòîðà, ñïðÿæåíîãî äî îïåðàòîðà (43) ïî âiäíîøåííþ äî áiëiíiéíî¨

ôîðìè

⟨x, y⟩ =
1∫

0

x(t)y(t)dqt,

ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

(A∗jψ)(t) = (1− q)j−1

1∫
qt

ψ(τ)

j−1∏
m=1

(τ − tqm)

(q; q)j−1

dqτ, j = 1,∞.

Ïîêëàäåìî òåïåð x0(t) ≡ 1. Òîäi

xk(t) = (Akx0)(t) = (1− q)k−1

t∫
0

k−1∏
m=1

(t− τqm)

(q; q)k−1

dqτ =

=
(1− q)k

(q; q)k−1

tk
∞∑
n=0

qn
k+n−1∏
m=n+1

(1− qm) = (1− q)ktk
∞∑
n=0

qn

k+n−1∏
m=k

(1− qm)

(q; q)n
=

= (1− q)ktk
∞∑
n=0

qn
(qk; q)n
(q; q)n

= (1− q)ktk
∞∏
n=0

(1− qk+1+n)

(1− qn+1)
=

= (1− q)ktk
1

k∏
n=1

(1− qn)

=
(1− q)k

(q; q)k
tk.

Ïðè öüîìó ìè çíîâó âèêîðèñòàëè òîòîæíiñòü (36). Àíàëîãi÷íî, ïîêëàäàþ÷è y0(t) ≡ 1,

îòðèìà¹ìî

yj(t) = (A∗jy0)(t) =
(1− q)j(tq; q)j

(q; q)j
, j = 0,∞.

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè äîðiâíþâàòèìóòü

sk =

1∫
0

xk(t)dqt =
(1− q)k

(q; q)k
(1− q)

∞∑
n=0

qkn+n =
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=
(1− q)k+1

(q; q)k+1

=
1

(k + 1)q!
, k = 0,∞. (52)

Òàêèì ÷èíîì, ìè ïîáóäóâàëè óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ ïîñëiäîâíîñòi êîåôiöi¹í-

òiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ (23) ïðè |q| < 1.

Òåîðåìà 16 [27]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

(k + 1)q!
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
Eq(z)− 1

z

ïðè |q| < 1 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ (L[0, 1] ∩
C(0, 1])× C[0, 1]

sk+j =

1∫
0

(1− q)k

(q; q)k
tk · (1− q)j(tq; q)j

(q; q)j
dqt, k, j = 0,∞.

Çàëèøàþ÷è y0(t) òèì æå ñàìèì, ïîêëàäåìî x0(t) = tν , ν > −1. Îòðèìà¹ìî:

xk(t) = (Akx0)(t) = (1− q)k−1

t∫
0

τ ν

k−1∏
m=1

(t− τqm)

(q; q)k−1

dqτ =

=
(1− q)ktk+ν

(q; q)k−1

∞∑
n=0

k−1∏
m=1

(1− qm+n)qn(ν+1) = (1− q)ktk+ν

∞∑
n=0

(qk; q)n
(q; q)n

qn(ν+1) =

= (1− q)ktk+ν

∞∏
n=0

1− qk+n+ν+1

1− qn+ν+1)
=

(1− q)k

(qν+1; q)k
tk+ν .

Ïiäðàõó¹ìî óçàãàëüíåíi ìîìåíòè

sk =

1∫
0

xk(t)dqt =
(1− q)k+1

(qν+1; q)k

∞∑
n=0

qn(k+ν+1) =
(1− q)k+1

(qν+1; q)k+1

, k = 0,∞. (53)

Âiäïîâiäíà ôóíêöiÿ ìà¹ âèãëÿä

f(z) =
∞∑
k=0

skz
k =

∞∑
k=0

(1− q)k+1zk

(qν+1; q)k+1

=

1Φ1

[
q; (1− q)z

qν+1

]
− 1

z
.
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Îòðèìó¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 17 [27]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
(1− q)k+1

(qν+1; q)k+1

, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =

1Φ1

[
q; (1− q)z

qν+1

]
− 1

z

ïðè |q| < 1, ν > −1, ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ

(L[0, 1] ∩ C(0, 1])× C[0, 1]

sk+j =

1∫
0

(1− q)k

(qν+1; q)k
tk+ν · (1− q)j(tq; q)j

(q; q)j
dqt, k, j = 0,∞.

Ââåäåìî äîäàòêîâi ïîçíà÷åííÿ:

(a; q)∞ := lim
k→∞

(a; q)k =
∞∏
k=0

(1− aqk),

Γq(t) :=
(q; q)∞
(qt; q)∞

(1− q)1−t.

Ôóíêöiÿ Γq(t) íàçèâà¹òüñÿ q-ãàìà�ôóíêöi¹þ (äèâ. [119]). Î÷åâèäíî, ùî

Γq(n+ 1) =
(1− q)(1− q2) · . . . · (1− qn)

(1− q)n
= nq!

Ðîçãëÿíåìî â ïðîñòîði X = L[0, 1] ∩ C(0, 1] ïðè äåÿêîìó ρ > 0 ëiíiéíèé íåïåðåðâíèé

îïåðàòîð

(Aφ)(t) =
t1/ρ

Γq(1/ρ)

1∫
0

(τq; q)∞
(τq1/ρ; q)∞

φ(tτ)dqτ.

Ïîêëàäàþ÷è x0(t) =
tµ1−1

Γq(µ1)
, Y = L[0, 1] ∩ C[0, 1), ⟨x, y⟩ =

1∫
0

x(t)y(t)dqt, à òàêîæ

y0(t) =
(tq; q)∞

Γq(µ2)(tqµ2 ; q)∞
,

äå µ1, µ2 > 0, µ1 + µ2 = µ, îòðèìà¹ìî:

xk(t) = (Akx0)(t) =
tk/ρ+µ1−1

Γq(k/ρ+ µ1)
, k = 0,∞,
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yj(t) = (A∗jy0)(t) =
(tq; q)∞

Γq(j/ρ+ µ2)(tqj/ρ+µ2 ; q)
, j = 0,∞.

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè

sk =

t∫
0

xk(t)y0(t)dqt =
1

Γq(k/ρ+ µ)
, k = 0,∞. (54)

Òâiðíó ôóíêöiþ ïîñëiäîâíîñòi (54)

f(z) =
∞∑
k=0

zk

(Γq(k/ρ+ µ)
(55)

ìîæíà ðîçãëÿäàòè ÿê q-àíàëîã ôóíêöi¨ òèïó Ìiòòàã�Ëåôôëåðà (15).

Òåîðåìà 18 [27]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

Γq(k/ρ+ µ)
, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ q-àíàëîãà ôóíêöi¨ òèïó Ìiòòàã-Ëåôôëåðà (55)

ïðè 0 < ρ < ∞, µ > 0, ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ

(L[0, 1] ∩ C(0, 1])× (L[0, 1] ∩ C[0, 1))

sk+j =

1∫
0

tk/ρ+µ1−1

Γq(k/ρ+ µ1)
· (tq; q)∞
Γq(j/ρ+ µ2)(tqj/ρ+µ2 ; q)

, k, j = 0,∞,

äå µ1, µ2 > 0, µ1 + µ2 = µ.

Ðîçãëÿíåìî â ïðîñòîði X = L[0, 1] ∩ C(0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) = κ

t∫
0

φ(τ)dqτ + tφ(t). (56)

Éîãî ðåçîëüâåíòíà ôóíêöiÿ ¹ ðîçâ'ÿçêîì q-iíòåãðàëüíîãî ðiâíÿííÿ

φ(t)− κz

t∫
0

φ(τ)dqτ − ztφ(t) = ψ(t). (57)

Çàñòîñó¹ìî äî (57) îïåðàòîð q-äèôåðåíöiþâàííÿ (42)

(1− zqt)
dq
dqt

φ(t)− z(1 + κ)φ(t) =
dq
dqt

ψ(t). (58)

Êîðèñòóþ÷èñü îçíà÷åííÿì q-ïîõiäíî¨, îòðèìà¹ìî ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ

φ(t) = φ(0)
∞∏

m=0

1− ztqm+1

1− ztqm(1 + κ− κq)
.
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Ïîçíà÷èìî

σ(t) =
∞∏

m=0

1− tqm+1

1− tqm(1 + κ− κq)

i áóäåìî øóêàòè ðîçâ'ÿçîê ðiâíÿííÿ (58) ó âèãëÿäi

φ(t) = C(t)σ(zt). (59)

Ïiäñòàâëÿþ÷è (59) äî (58), îòðèìà¹ìî

dq
dqt

C(t) =

dq
dqt
ψ(t)

(1− zqt)σ(zqt)
,

çâiäêè

C(t) =

t∫
0

dq
dqτ
ψ(τ)

(1− zqτ)σ(zqτ)
dqτ + C0 =

=
ψ(t)

(1− zt)σ(zt)
− ψ(0)

σ(0)
−

t∫
0

ψ(t)
dq
dqτ

{
1

(1− zτ)σ(zτ)

}
dqτ + C0 =

=
ψ(t)

(1− zt)σ(zt)
− ψ(0)

σ(0)
+ κz

t∫
0

ψ(τ)

(1− zt)(1− zτ(1 + κ− κq))σ(zt)
dqτ + C0. (60)

Ç (59) òà (60) ìà¹ìî

φ(t) =
ψ(t)

1− zt
− ψ(0)

σ(0)
σ(zt)+

+κz

t∫
0

ψ(τ)σ(zt)

(1− zτ)(1− zτ(1 + κ− κq))σ(zτ)
dqτ + C0σ(zt).

Ç (57) âèïëèâà¹, ùî φ(0) = ψ(0), îòîæ

(
R#

z (A)ψ
)
(t) =

ψ(t)

1− zt
+ κz

t∫
0

ψ(τ)σ(zt)

(1− zτ)(1− zτ(1 + κ− κq))σ(zτ)
dqτ. (61)

Âèêîðèñòîâóþ÷è òîòîæíiñòü (36), îòðèìà¹ìî

σ(zt)

(1− zτ)(1− zτ(1 + κ− κq))σ(zτ)
=

=
∞∏
n=0

1− ztqn+1

1− ztqn(1 + κ− κq)
×

∞∏
m=0

1− zτqm+1(1 + κ− κq)
1− zτqm

=

=
∞∑
n=0

( q
1+κ−κq

; q)n

(q; q)n
(zt(1 + κ− κq))n

∞∑
m=0

q(1 + κ− κq); q)m
(q; q)m

(zτ)m =
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=
∞∑
k=0

zk
k∑

n=0

( q
1+κ−κq

; q)n

(q; q)n
(t(1 + κ− κq))n

(q(1 + κ− κq); q)k−n

(q; q)k−n

τ k−n. (62)

Íà îñíîâi (61) òà (62) îòðèìà¹ìî âèðàçè äëÿ ñòåïåíiâ îïåðàòîðà (56)

(Akφ)(t) = κ

t∫
0

φ(τ)
k−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)k−1−n

(q; q)n(q; q)k−1−n

×

×(t(1 + κ− κq))nτ k−1−ndqτ + tkφ(t), k = 1,∞.

Ïîêëàäåìî Y = C[0, 1], ⟨x, y⟩ =
1∫
0

x(t)y(t)dqt. Ñòåïåíi ñïðÿæåíîãî îïåðàòîðà íà îñíîâi

ôîðìóëè (49) ìîæíà çàïèñàòè ó âèãëÿäi

(A∗jψ)(t) = κ

1∫
qt

ψ(τ)

j−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)j−1−n

(q; q)n(q; q)j−1−n

×

×(τ(1 + κ− κq))ntj−1−ndqτ + tjψ(t), j = 1,∞.

Ïîêëàäåìî xo(t) ≡ 1. Òîäi

xk(t) = (Akx0)(t) =

= tk + κ

t∫
0

k−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)k−1−n

(q; q)n(q; q)k−1−n

(t(1 + κ− κq))nτ k−1−ndqτ =

= tk + κ(1− q)tk
k−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)k−1−n

(q; q)n(q; q)k−n

(1 + κ− κq)n =

= tk

{
1−

k∑
n=0

( q
1+κ−κq

; q)n(1 + κ− κq); q)k−n

(q; q)n(q; q)k−n

(1 + κ− κq)n+

+
( q
1+κ−κq

; q)k

(q; q)k
(1 + κ− κq)k

}
.

Ðîçãëÿíåìî òâiðíó ôóíêöiþ

∞∑
k=0

zk
k∑

n=0

( q
1+κ−κq

; q)n(1 + κ− κq; q)k−n

(q; q)n(q; q)k−n

(1 + κ− κq)n =
σ(z)

σ(z)(1− z)
=

1

1− z
.

Òàêèì ÷èíîì,

xk(t) =
( q
1+κ−κq

; q)k

(q; q)k
(1 + κ− κq)ktk, k = 0,∞.

Àíàëîãi÷íî, ïîêëàäàþ÷è y0(t) ≡ 1, îòðèìà¹ìî

yj(t) = (A∗jy0)(t) =
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= κ

1∫
qt

j−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)j−1−n

(q; q)n(q; q)j−1−n

(τ(1 + κ− κq))ntj−1−ndqτ + tj =

= κ(1− q)

j−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)j−1−n

(q; q)n(q; q)j−1−n

×

×(1 + κ− κq)n
tj−1−n

1− qn+1
− κ(1− q)qtj

j−1∑
n=0

( q
1+κ−κq

; q)n(q(1 + κ− κq); q)j−1−n

(q; q)n(q; q)j−1−n

×

×(1 + κ− κq)n
qn

1− qn+1
+ tj =

= κ(1− q)

j∑
n=1

( q
1+κ−κq

; q)n−1(q(1 + κ− κq); q)j−n

(q; q)n(q; q)j−n

(1 + κ− κq)n−1tj−n+

+tj

{
1− κ(1− q)q

j∑
n=1

( q
1+κ−κq

; q)n−1(q(1 + κ− κq); q)j−n

(q; q)n(q; q)j−n

(1 + κ− κq)nqn
}

=

=

j∑
n=0

( 1
1+κ−κq

; q)n(q(1 + κ− κq); q)j−n

(q; q)n(q; q)j−n

(1 + κ− κq)ntj−n.

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè äîðiâíþþòü

sk =

1∫
0

xk(t)dqt = (1− q)
∞∑
n=0

( q
1+κ−κq

; q)k

(q; q)k
×

×(1 + κ− κq)kqkn+n =
(1− q)( q

1+κ−κq
; q)k(1 + κ− κq)k

(q; q)k+1

=

=
( q
1+κ−κq

; q)k(1 + κ− κq)k

(q2; q)k
, k = 0,∞. (63)

Òàêèì ÷èíîì, ïîáóäîâàíî óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ

ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =2 Φ1

[
q; q

1+κ−κq
; (1 + κ− κq)z

q2

]
.

Òåîðåìà 19 [27]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =

(
q

1+κ−κq
; q
)
k
(1 + κ− κq)k

,
(q2; q)k, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =2 Φ1

[
q; q

1+κ−κq
; (1 + κ− κq)z

q2

]
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ïðè |q| < 1 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ (L[0, 1] ∩
C(0, 1])× C[0, 1]

sk+j =

1∫
0

(
q

1+κ−κq
; q
)
k
(1 + κ− κq)k

(q; q)k
tk×

×
j∑

n=0

(
1

1+κ−κq
; q
)
n
(q(1 + κ− κq); q)j−n

(q; q)n(q; q)j−n

(1 + κ− κq)ntj−ndqt, k, j = 0,∞.

Ïîêëàäåìî òåïåð x0(t) = tν , ν > −1. Òîäi

xk(t) =
( qν+1

1+κ−κq
; q)k

(qν+1; q)k
(1 + κ− κq)ktk+ν , k = 0,∞.

Çàëèøàþ÷è yj(t), j = 0,∞, òèìè æ ñàìèìè, îòðèìà¹ìî

sk =

1∫
0

xk(t)dqt = (1− q)
( qν+1

1+κ−κq
; q)k(1 + κ− κq)k

(qν+1; q)k+1

, k = 0,∞, (64)

i âiäïîâiäíà ôóíêöiÿ ìàòèìå âèãëÿä:

f(z) =
∞∑
k=0

skz
k =

1− q

1− qν+1 2Φ1

[
q; qν+1

1+κ−κq
; (1 + κ− κq)z

qν+2

]
.

Òàêèì ÷èíîì îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 20 [27]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk = (1− q)

(
qν+1

1+κ−κq
; q
)
k
(1 + κ− κq)k

,
(qν+1; q)k, k = 0,∞,

êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
∞∑
k=0

skz
k =

1− q

1− qν+1 2Φ1

[
q; qν+1

1+κ−κq
; (1 + κ− κq)z

qν+2

]

ïðè |q| < 1, ν > −1, ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ

(L[0, 1] ∩ C(0, 1])× C[0, 1]

sk+j =

1∫
0

(
qν+1

1+κ−κq
; q
)
k
(1 + κ− κq)k

(qν+1; q)k
tk+ν×

×
j∑

n=0

(
1

1+κ−κq
; q
)
n
(q(1 + κ− κq); q)j−n

(q; q)n(q; q)j−n

(1 + κ− κq)ntj−ndqt, k, j = 0,∞.
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� 3. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ äåÿêèõ åëåìåíòàðíèõ ôóíêöié

Ðîçãëÿíåìî â ïðîñòîði X = L[0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) = tφ(1− t).

Ëåãêî áà÷èòè, ùî éîãî êâàäðàò çîáðàæóâàíèé ó âèãëÿäi

(A2φ)(t) = t(1− t)φ(t).

Ðåçîëüâåíòíà ôóíêöiÿ îïåðàòîðà A2 ìà¹ âèãëÿä

(R#
z (A

2)φ)(t) =
∞∑
k=0

zk(A2kφ)(t) =
φ(t)

1− zt(1− t)
. (65)

Îñêiëüêè ìà¹ ìiñöå òîòîæíiñòü

R#
z (A

2) = R#
−
√
z
(A)R#√

z
(A),

òî, î÷åâèäíî,

R#√
z
(A) = (I +

√
zA)R#

z (A
2). (66)

Îòîæ, ç (65) ìà¹ìî

(R#
z (A)φ)(t) =

φ(t) + ztφ(1− t)

1− z2t(1− t)
.

Ñòåïåíi îïåðàòîðà A òà ñïðÿæåíîãî äî íüîãî ïî âiäíîøåííþ äî áiëiíiéíî¨ ôîðìè

⟨x, y⟩ =
1∫

0

x(t)y(t)dt

îïåðàòîðà A∗ äîðiâíþþòü:

(Akφ)(t) =

{
tm(1− t)mφ(t), ÿêùî k = 2m− ïàðíå,

tm+1(1− t)mφ(1− t), ÿêùî k = 2m+ 1− íåïàðíå;

(A∗jψ)(t) =

{
tn(1− t)nψ(t), ÿêùî j = 2n− ïàðíå,

tn(1− t)n+1ψ(1− t), ÿêùî j = 2n+ 1− íåïàðíå.

Ïîêëàäåìî x0(t) ≡ 1, y0(t) ≡ 1 ∈ C[0, 1]. Òîäi

f(z) =

1∫
0

(R#
z (A)x0)(t)y0(t)dt =

t∫
0

1 + zt

1− z2t(1− t)
dt =

2(2 + z)

z
√
4− z2

arctg
z√

4− z2
.

Îòîæ, âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 21 [165]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0 êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
2(2 + z)

z
√
4− z2

arctg
z√

4− z2

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1∫
0

xk(t)yj(t)dt, k, j = 0,∞,

äå

xk(t) =

{
tm(1− t)m, ÿêùî k = 2m− ïàðíå,

tm+1(1− t)m, ÿêùî k = 2m+ 1− íåïàðíå;
(67)

yj(t) =

{
tn(1− t)n, ÿêùî j = 2n− ïàðíå,

tn(1− t)n+1, ÿêùî j = 2n+ 1− íåïàðíå.
(68)

Ïîêëàäåìî òåïåð ïðè òîìó æ y0(t)

x0(t) =

{
φ(t), , t ∈ [0, 1/2],

φ(1− t), t ∈ [1/2, 1],

äå φ(t) � äåÿêà íåâiä'¹ìíà ôóíêöiÿ ç L[0, 1/2]. Òîäi

f(z) = 2

1/2∫
0

1 + zt

1− z2t(1− t)
φ(t)dt. (69)

Òåîðåìà 22 [165]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0 êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) = 2

1/2∫
0

1 + zt

1− z2t(1− t)
dµ(t),

äå µ(t) - íåñïàäíà ôóíêöiÿ, ùî ìà¹ íåñêií÷åííó êiëüêiñòü òî÷îê çðîñòàííÿ íà [0, 1/2], ìà¹

ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1]

sk+j =

1/2∫
0

xk(t)yj(t)dµ(t), k, j = 0,∞,

äå ôóíêöi¨ xk(t), k = 0,∞, òà yj(t), j = 0,∞, âèçíà÷àþòüñÿ çà ôîðìóëàìè (67)-(68).

Ðîçãëÿíåìî òåïåð â ïðîñòîði X = C[0, 1] ëiíiéíèé îáìåæåíèé îïåðàòîð

(Aφ)(t) =

1−t∫
0

φ(τ)dτ. (70)
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Éîãî êâàäðàò ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

(A2φ)(t) = (1− t)

t∫
0

φ(τ)dτ +

1∫
t

φ(τ)(1− τ)dτ. (71)

Ïîêëàäåìî x0(t) ≡ 1 i çíàéäåìî (R#
z (A

2)x0)(t) ç îïåðàòîðíîãî ðiâíÿííÿ

((I − zA2)φ)(t) = φ(z)− z(1− t)

t∫
0

φ(τ)dτ − z

1∫
t

φ(τ)(1− τ)dτ = 1. (72)

Ïîñëiäîâíî äâi÷i ïðîäèôåðåíöiþ¹ìî ðiâíiñòü (72):

φ′(t) + z

t∫
0

φ(τ)dτ = 0, (73)

φ′′(t) + zφ(t) = 0. (74)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (74) ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

φ(t) = C1 cos
√
zt+ C2 sin

√
zt. (75)

Ç (72) òà (73) îòðèìà¹ìî ãðàíè÷íi óìîâè

φ(1) = 1, φ′(0) = 0. (76)

Áåðó÷è äî óâàãè (75) òà (76), áóäåìî ìàòè

(R#
z (A

2)x0)(t) =
cos

√
zt

cos
√
z
. (77)

Ïîêëàäàþ÷è y0(t) ≡ 1 ∈ Y = C[0, 1], áóäó¹ìî ôóíêöiþ

f(z) =

1∫
0

(R#
z (A

2)x0)(t)y0(t)dt =

1∫
0

cos
√
zt

cos
√
z
dt =

tg
√
z√
z
. (78)

Âðàõîâóþ÷è ðîçêëàä

cos
√
zt

cos
√
z

= cos
√
zt · sec

√
z =

∞∑
k=0

(−1)kzkt2k

(2k)!

∞∑
m=0

Emz
m

(2m)!
=

=
∞∑
k=0

zk
k∑

m=0

(−1)mt2mEk−m

(2m)!(2k − 2m)!
,
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äå Ek � ÷èñëà Åéëåðà (äèâ. [98, c. 607]), ùî âèçíà÷àþòüñÿ ôîðìóëàìè

Ek =
22k+2(2k)!

π2k+1

{
1− 1

32k+1
+

1

52k+1
− 1

72k+1
+ · · ·

}
, (79)

ìè îòðèìó¹ìî

x2k(t) =
k∑

m=0

(−1)mt2mEk−m

(2m)!(2k − 2m)!
, k = 0,∞. (80)

À îñêiëüêè îïåðàòîð (70), ÿê ëåãêî ïåðåêîíàòèñü, ¹ ñàìîñïðÿæåíèì ïî âiäíîøåííþ äî

áiëiíiéíî¨ ôîðìè ⟨x, y⟩ =
1∫
0

x(t)y(t)dt, òî îòðèìà¹ìî òàêîæ

y2j(t) = x2j(t) =

j∑
m=0

(−1)mt2mEj−m

(2m)!(2j − 2m)!
, j = 0,∞. (81)

Îòîæ, îòðèìó¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 23 [165]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0 êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
tg
√
z√
z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ C[0, 1]× C[0, 1]

sk+j =

1∫
0

k∑
m=0

(−1)mt2mEk−m

(2m)!(2k − 2m)!
·

j∑
n=0

(−1)nt2nEj−n

(2n)!(2j − 2n)!
dt, k, j = 0,∞.

Â òåîðåìi 23 ìè ïîáóäóâàëè óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ ïîñëiäîâíîñòi êîåôi-

öi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ (78), ãðóíòóþ÷èñü íà çàñòîñóâàííi êâàäðàòà îïåðà-

òîðà (70). Òåïåð áóäåìî çàñòîñîâóâàòè áåçïîñåðåäíüî ñàì îïåðàòîð (70). Ïðè x0(t) ≡ 1,

âðàõîâóþ÷è (66) òà (77), îòðèìà¹ìî

(R#
z (A)x0)(t) = {(I + zA)R#

z2(A
2)x0}(t) =

=
cos zt

cos z
+ z

1−t∫
0

cos zτ

cos z
dτ =

cos zt+ sin z(1− t)

cos z
.

Ïîêëàäàþ÷è y0(t) ≡ 1, ìàòèìåìî ôóíêöiþ

f(z) =

t∫
0

(R#
z (A)x0)(t)y0(t)dt =

=

1∫
0

cos zt+ sin z(1− t)

cos z
dt =

sin z + 1− cos z

z cos z
.
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Äëÿ ïîáóäîâè âiäïîâiäíîãî óçàãàëüíåíîãî ìîìåíòíîãî çîáðàæåííÿ çàëèøèëîñü çàïèñàòè

ïîñëiäîâíîñòi {xk(t)}∞k=0, {yj(t)}∞j=0. Äëÿ ïàðíèõ ïîêàçíèêiâ ìè âæå ìà¹ìî ôîðìóëè (80)�

(81). Ç öèõ æå ôîðìóë ëåãêî îòðèìàòè i ôîðìóëè äëÿ íåïàðíèõ ïîêàçíèêiâ

x2k+1(t) = (Ax2k)(t) =
k∑

m=0

(−1)m(1− t)2m+1Ek−m

(2m+ 1)!(2k − 2m)!
, k = 0,∞, (82)

y2j+1(t) = x2j+1(t) =

j∑
m=0

(−1)m(1− t)2m+1Ej−m

(2m+ 1)!(2j − 2m)!
, j = 0,∞. (83)

Òèì ñàìèì âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 24 [165]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0 êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
sin z + 1− cos z

z cos z

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ïðîñòîðiâ C[0, 1]× C[0, 1]

sk+j =

1∫
0

xk(t)yj(t)dt, k, j = 0,∞,

äå

xk(t) =


p∑

m=0

(−1)mt2mEp−m

(2m)!(2p−2m)!
, ÿêùî k = 2p− ïàðíå,

p∑
m=0

(−1)m(1−t)2m+1Ep−m

(2m+1)!(2p−2m)!
, ÿêùî k = 2p+ 1− íåïàðíå,

à yj(t) = xj(t), j = 0,∞.

� 4. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ ç îïåðàòîðîì çñóâó

Â ãiëüáåðòîâîìó ïðîñòîði H = L2(−∞,∞) ðîçãëÿíåìî ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) = φ(t+ λ), 0 < λ <∞. (84)

ßê ëåãêî ïåðåêîíàòèñÿ, ñòåïåíi îïåðàòîðà (84) òà ñïðÿæåíîãî äî íüîãî âiäíîñíî áiëiíiéíî¨

ôîðìè

⟨x, y⟩ =
∞∫

−∞

x(t)y(t)dt

îïåðàòîðà A∗ ìàþòü çîáðàæåííÿ

(Akφ)(t) = φ(t+ kλ), k = 0,∞,

(A∗jψ)(t) = ψ(t− jλ), j = 0,∞.

62



Ïîêëàäåìî òåïåð

x0(t) = exp{−α(t+ γ)2}, 0 < α <∞, −∞ < γ <∞,

y0(t) = exp{−βt2}, 0 < β <∞.

Òîäi îòðèìà¹ìî

xk(t) = (Akx0)(t) = exp{−α(t+ kλ+ γ)2}, k = 0,∞,

yj(t) = (A∗jy0)(t) = exp{−β(t− jλ)2}, j = 0,∞.

Âiäïîâiäíi óçàãàëüíåíi ìîìåíòè äîðiâíþþòü

sk =

∞∫
−∞

xk(t)y0(t)dt =

∞∫
−∞

exp{−α(t+ kλ+ γ)2 − βt2}dt =

=

∞∫
−∞

exp

{
−
(√

α + βt+
α(γ + kλ)√

α + β

)2

− αβ(γ + kλ)2

α + β

}
dt =

=
π√
α + β

exp

{
−αβ(γ + kλ)2

α + β

}
, k = 0,∞.

Ìè îòðèìàëè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 25. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
π√
α + β

exp

{
−αβ(γ + kλ)2

α+ β

}
, k = 0,∞,

ïðè 0 < α < ∞, 0 < β < ∞, −∞ < γ < ∞, 0 < λ < ∞, ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå

çîáðàæåííÿ â ãiëüáåðòîâîìó ïðîñòîði L2(−∞,∞)

sk+j =

∞∫
−∞

exp{−α(t+ kλ+ γ)2} · exp{−β(t− jλ)2}dt, k, j = 0,∞.

� 5. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ, ïîâ'ÿçàíi ç äðîáîâî-ëiíiéíèìè ïåðåòâîðåííÿìè

Ðîçãëÿíåìî ó ïðîñòîði X = C[0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) = φ

(
t

(1− γ)t+ γ

)
, 0 < γ <∞. (85)

Îñêiëüêè äðîáîâî�ëiíiéíå âiäîáðàæåííÿ

σ(t) =
t

(1− γ)t+ γ
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ïðè êîæíîìó 0 < γ <∞ ¹ äèôôåîìîðôiçìîì âiäðiçêà [0, 1] íà ñåáå, òî âèçíà÷åíèé çîáðà-

æåííÿì (85) îïåðàòîð âiäîáðàæà¹ ïðîñòið C[0, 1] â C[0, 1]. Íåâàæêî ïiäðàõóâàòè, ùî

(Akφ)(t) = φ

(
t

(1− γk)t+ γk

)
, k = 0,∞.

Ïîêëàäåìî

x0(t) =
t

(1− δ)t+ δ
, 0 < δ <∞.

Òîäi

xk(t) = (Akx0)(t) =
t

(1− δγk)t+ δγk
, k = 0,∞. (86)

Ïîêëàäåìî òåïåð Y = X ∗ - ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà X . Âèçíà÷èìî

íà X × Y áiëiíiéíó ôîðìó

⟨x, y⟩ = y(x)

i âiçüìåìî

y0(x) = x(t0),

äå t0 ∈ (0, 1). Òîäi îòðèìà¹ìî

sk = y0(xk) = xk(t0) =
t0

(1− δγk)t0 + δγk
, k = 0,∞. (87)

Íåâàæêî ïåðåêîíàòèñü, ùî, ÿêùî ïîçíà÷èòè

tj :=
t0

(1− γj)t0 + γj
, j = 0,∞, (88)

i âèçíà÷èòè ëiíiéíi íåïåðåðâíi ôóíêöiîíàëè

yj(x) = x(tj) = x

(
t0

(1− γj)t0 + γj

)
, j = 0,∞, (89)

òî ìè îòðèìà¹ìî óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk+j = yj(xk), k, j = 0,∞,

ïîñëiäîâíîñòi (87).

Òåîðåìà 26 [166]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
t0

(1− δγk)t0 + δγk
, k = 0,∞,

äå 0 < γ < ∞, 0 < δ < ∞, t0 ∈ (0, 1), ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ â

áàíàõîâîìó ïðîñòîði X = C[0, 1]

sk+j = yj(xk), k, j = 0,∞,
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äå

xk(t) =
t

(1− δγk)t+ δγk
, k = 0,∞,

à ôóíêöiîíàëè yj(x), j = 0,∞, âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

yj(x) = x(tj) = x

(
t0

(1− γj)t0 + γj

)
, j = 0,∞.

Ïîêëàäåìî òåïåð Y = C[0, 1] i âèçíà÷èìî áiëiíiéíó ôîðìó íà X × Y

⟨x, y⟩ =
1∫

0

x(t)y(t)dt.

Âèáåðåìî ïî÷àòêîâó ôóíêöiþ y0(t) ≡ 1. Òîäi ìàòèìåìî

sk =

1∫
0

xk(t)y0(t)dt =

1∫
0

t

(1− δγk)t+ δγk
dt =

=
1

1− δγk
+

(ln δ + k ln γ)δγk

(1− δγk)2
, k = 0,∞. (90)

Äëÿ ïîáóäîâè óçàãàëüíåíîãî ìîìåíòíîãî çîáðàæåííÿ ïîñëiäîâíîñòi (90) çàëèøèëîñü ïî-

áóäóâàòè ïîñëiäîâíiñòü

yj(t) = (A∗jy0)(t), j = 0,∞.

Íåâàæêî ïiäðàõóâàòè, ùî

(A∗ψ)(t) =
γ

(1− (1− γ)t)2
ψ

(
γt

1− (1− γ)t

)
.

Ñòåïåíi ñïðÿæåíîãî îïåðàòîðà ìàòèìóòü çîáðàæåííÿ

(A∗jψ)(t) =
γj

(1− (1− γj)t)2
ψ

(
γjt

1− (1− γj)t

)
, j = 0,∞,

i, îòæå,

yj(t) = (A∗jy0)(t) =
γj

(1− (1− γj)t)2
, j = 0,∞.

Îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 27 [166]. Äëÿ ïîñëiäîâíîñòi {sk}∞k=0

sk =
1

1− δγk
+

(lnδ + klnγ)δγk

(1− δγk)2
, k = 0,∞,

äå 0 < γ < ∞, 0 < δ < ∞, ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó

ïðîñòîðiâ C[0, 1]× C[0, 1]

sk+j =

1∫
0

t

(1− δγk)t+ δγk
· γj

(1− (1− γj)t)2
dt, k, j = 0,∞.
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Ð Î Ç Ä I Ë 3

ÁIÎÐÒÎÃÎÍÀËÜÍI ÏÎËIÍÎÌÈ ÒÀ ÒÅÎÐÅÌÈ IÍÂÀÐIÀÍÒÍÎÑÒI

ÄËß ÀÏÐÎÊÑÈÌÀÖIÉ ÏÀÄÅ

� 1. Çàãàëüíi âëàñòèâîñòi áiîðòîãîíàëüíèõ ïîëiíîìiâ

ßê âæå çàçíà÷àëîñÿ â �5 ðîçäiëó 1, çàäà÷à ïîáóäîâè àïðîêñèìàíò Ïàäå ôóíêöié, äëÿ êî-

åôiöi¹íòiâ ñòåïåíåâèõ ðîçêëàäiâ ÿêèõ âiäîìi óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ, çâîäèòüñÿ

äî áiîðòîãîíàëiçàöi¨ ïåâíèõ ñèñòåì ôóíêöié. Ðîçãëÿíåìî äåÿêi çàãàëüíi âëàñòèâîñòi áiîð-

òîãîíàëüíèõ ïîëiíîìiâ. Çàçíà÷èìî, ùî âiäïîâiäíi ïèòàííÿ âèâ÷àëèñÿ ðÿäîì äîñëiäíèêiâ

(äèâ., íàïðèêëàä, [128,175-179,186,217]). Â.Ê. Äçÿäèêîì [51] áóëî âñòàíîâëåíî íàñòóïíèé

ðåçóëüòàò.

Òåîðåìà 1. Íåõàé {sk}∞k=0 � ÷èñëîâà ïîñëiäîâíiñòü, òàêà ùî âñi ¨¨ âèçíà÷íèêè Ãàíêåëÿ

HN = H0,N = det∥sk+j∥Nk,j=0, N = 0,∞,

âiäìiííi âiä íóëÿ, i íåõàé â ëiíiéíîìó ïðîñòîði X çàäàíà ïîñëiäîâíiñòü {xk}∞k=0, à â ëiíié-

íîìó ïðîñòîði Y � ïîñëiäîâíiñòü {yj}∞j=0, i ïðè öüîìó ñïðàâåäëèâi ðiâíîñòi

⟨xk, yj⟩ = sk+j, k, j = 0,∞,

äå ⟨., .⟩ - áiëiíiéíà ôîðìà, îçíà÷åíà íà äîáóòêó ïðîñòîðiâ X ×Y . Òîäi, ÿêùî ïðè êîæíîìó

N = 0,∞ ïîáóäóâàòè óçàãàëüíåíi ïîëiíîìè

X0 = ε0x0, XN = εN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN

s1 s2 . . . sN+1

· · · · · · . . . · · ·
· · · · · · . . . · · ·
sN−1 sN · · · s2N−1

x0 x1 · · · xN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, N = 1,∞, (1)

òà

Y0 = ε0y0, YN = εN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN

s1 s2 . . . sN+1

· · · · · · . . . · · ·
· · · · · · . . . · · ·
sN−1 sN · · · s2N−1

y0 y1 · · · yN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, N = 1,∞, (2)

äå εN := (HNHN−1)
−1/2, N = 0,∞, H−1 := 1, òî áóäóòü âèêîíóâàòèñÿ ñïiââiäíîøåííÿ

áiîðòîãîíàëüíîñòi

⟨XM , YN⟩ = δM,N , M,N = 0,∞.
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Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî ∀k = 0, N − 1

⟨xk, YN⟩ = εN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN

s1 s2 . . . sN+1

· · · · · · . . . · · ·
· · · · · · . . . · · ·
sN−1 sN · · · s2N−1

sk sk+1 · · · sk+N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.

Àíàëîãi÷íî,

⟨XN , yj⟩ = 0, ∀j = 0, N − 1.

Îòîæ çàëèøà¹òüñÿ îá÷èñëèòè

⟨XN , YN⟩ = ⟨εNHN−1xN , YN⟩ = ε2NHN−1HN = 1.

Ïîáóäó¹ìî äëÿ îïèñàíèõ âèùå ñèñòåì áiîðòîãîíàëüíèõ ïîëiíîìiâ òðè÷ëåííi ðåêóðåíò-

íi ñïiââiäíîøåííÿ ïðè äîäàòêîâèõ îáìåæåííÿõ, ïîâ'ÿçàíèõ ç óçàãàëüíåíèìè ìîìåíòíèìè

çîáðàæåííÿìè.

Òåîðåìà 2. Íåõàé çà óìîâ òåîðåìè 1 iñíó¹ ëiíiéíèé îïåðàòîð A : X → X òàêèé, ùî

Axk = xk+1, k = 0,∞,

à â ïðîñòîði Y - îïåðàòîð A∗ : Y → Y , ñïðÿæåíèé äî îïåðàòîðà A âiäíîñíî áiëiíiéíî¨

ôîðìè ⟨., .⟩. Òîäi äëÿ áiîðòîãîíàëüíèõ ïîëiíîìiâ (1), (2) ñïðàâåäëèâi íàñòóïíi ðåêóðåíòíi

ñïiââiäíîøåííÿ:

AXN = αNXN+1 + γNXN + αN−1XN−1, N = 0,∞, (3)

A∗YN = αNYN+1 + γNYN + αN−1YN−1, N = 0,∞, (4)

äå αN = (HN−1HN+1)
1/2H−1

N , N = 0,∞, α−1 := 0, γN = H̃NH
−1
N + H̃N−1H

−1
N−1, à

H̃N :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 · · · sN

s1 s2 · · · sN+1

. . . . . . · · · . . .

. . . . . . · · · . . .

sN−1 sN · · · s2N−1

sN+1 sN+2 · · · s2N+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Äîâåäåííÿ. Çàïèøåìî XN ó âèãëÿäi

XN =
N∑
k=0

c
(N)
k xk. (5)

Ïiñëÿ çàñòîñóâàííÿ äî (5) îïåðàòîðà A îòðèìà¹ìî

AXN =
N∑
k=0

c
(N)
k xk+1 =

N+1∑
k=0

d
(N+1)
k Xk. (6)

Ùîá âèçíà÷èòè êîåôiöi¹íòè d
(N+1)
k , k = 0, N + 1, çàñòîñó¹ìî äî (6) ôóíêöiîíàëè ⟨., YM⟩ ,

M = 0,∞. Î÷åâèäíî,

⟨AXN , YM⟩ =
{
0 ïðè M ≥ N + 2,

d
(N+1)
M ïðè M = 0, N + 1.

Ç iíøîãî áîêó,

⟨AXN , YM⟩ = ⟨XN , A
∗YM⟩ = 0 ïðè N ≥M + 2.

Ïðèðiâíÿ¹ìî â (6) êîåôiöi¹íòè ïðè xN+1

c
(N)
N = d

(N+1)
N+1 c

(N+1)
N+1 .

Âðàõîâóþ÷è, ùî â ñèëó (1)

c
(N)
N =

√
HN−1

HN

,

îòðèìó¹ìî

d
(N+1)
N+1 =

c
(N)
N

c
(N+1)
N+1

=

√
HN−1HN+1

HN

.

Âñòàíîâèìî ôîðìóëó äëÿ γN , N = 0,∞. Î÷åâèäíî,

γN = d
(N+1)
N = ⟨AXN , YN⟩ =

⟨
N∑
k=0

c
(N)
k xk+1, YN

⟩
=

=
⟨
c
(N)
N xN+1 + c

(N)
N−1xN , YN

⟩
= c

(N)
N ⟨xN+1, YN⟩+ c

(N)
N−1 ⟨xN , YN⟩ .

Ç (1) ìà¹ìî

c
(N)
N−1 = εN

∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 · · · sN−2 sN

s1 s2 · · · sN−1 sN+1

. . . . . . · · · . . . . . .

. . . . . . · · · . . . . . .

sN−1 sN · · · s2N−3 s2N−1

∣∣∣∣∣∣∣∣∣∣∣∣
= εNH̃N−1.
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Ëåãêî òàêîæ âñòàíîâèòè, ùî

< xN+1, YN >= εN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN

s1 s2 . . . sN+1

. . . . . . . . . . . .

. . . . . . . . . . . .

sN−1 sN . . . s2N−1

sN+1 sN+2 . . . s2N+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= εNH̃N .

Òàêèì ÷èíîì, ìà¹ìî

γN =

√
HN−1

HN

1√
HNHN−1

H̃N +

√
HN

HN−1

1√
HNHN−1

H̃N−1 =
H̃N

HN

+
H̃N−1

HN−1

.

Ôîðìóëà (3) âñòàíîâëåíà. Ôîðìóëà (4) âñòàíîâëþ¹òüñÿ öiëêîì àíàëîãi÷íî.

Çàóâàæåííÿ 1. Òåîðåìó 2 âñòàíîâëåíî â [26]. Â äåùî áiëüø âóçüêîìó ôîðìóëþâàííi

àíàëîãi÷íèé ðåçóëüòàò íàâåäåíî â [5, c. 358] (äèâ. òàêîæ [141]).

Ïðè çàñòîñóâàííi ñèñòåì áiîðòîãîíàëüíèõ ïîëiíîìiâ äî ðàöiîíàëüíî¨ àïðîêñèìàöi¨ îä-

íèì ç íàéâàæëèâiøèõ ¹ ïèòàííÿ çíàõîäæåííÿ êðèòåði¨â íåâèðîäæåíî¨ áiîðòîãîíàëiçîâà-

íîñòi áiëüø åôåêòèâíèõ, íiæ âiäìiííiñòü âiä íóëÿ âèçíà÷íèêiâ Ãàíêåëÿ. Ïåðø íiæ ñôîð-

ìóëþâàòè âiäïîâiäíèé ðåçóëüòàò, íàâåäåìî íàñòóïíå îçíà÷åííÿ.

Îçíà÷åííÿ 1 (äèâ. [48, c. 18]). Ñèñòåìà çàäàíèõ íà äåÿêié ìíîæèíi M ìåòðè÷íîãî ïðî-

ñòîðó, ùî ìiñòèòü ïðèíàéìíi N + 1 òî÷êó, íåïåðåðâíèõ ôóíêöié {xk(t)}Nk=0 íàçèâà¹òüñÿ

÷åáèøîâñüêîþ íà öié ìíîæèíi, ÿêùî áóäü�ÿêèé óçàãàëüíåíèé ïîëiíîì

PN(t) =
N∑
k=0

c
(N)
k xk(t),

êîåôiöi¹íòè ÿêîãî c
(N)
k , k = 0, N, íå äîðiâíþþòü íóëþ îäíî÷àñíî, ìà¹ íà M íå áiëüø, íiæ

N ðiçíèõ êîðåíiâ.

Òåîðåìà 3. [18]. Íåõàé {xk(t)}∞k=0, {yj(t)}∞j=0 ⊂ C[a, b] ∩ L2([a, b], dµ), ∞ ≤ a < b ≤ ∞,

ôóíêöié, à µ � íåñïàäíà ôóíêöiÿ, ùî ìà¹ íåñêií÷åííó êiëüêiñòü òî÷îê çðîñòàííÿ. Òîäi äëÿ

òîãî, ùîá ∀M,N = 0,∞ iñíóâàëè ïîëiíîìè âèãëÿäó

XM(t) =
M∑
k=0

c
(M)
k xk(t)

òà

YM(t) =
N∑
j=0

c
(N)
j yj(t)
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ç âiäìiííèìè âiä íóëÿ ñòàðøèìè êîåôiöi¹íòàìè c
(N)
N ̸= 0, N = 0,∞, äëÿ ÿêèõ âèêîíóþòüñÿ

ñïiââiäíîøåííÿ áiîðòîãîíàëüíîñòi

b∫
a

XM(t)YN(t)dµ(t) = δM,N , M,N = 0,∞,

äîñòàòíüî, ùîá ∀M,N = 0,∞ ñèñòåìè ôóíêöié {xk(t)}Mk=0 òà {yj(t)}Nj=0 áóëè ÷åáèøîâñüêè-

ìè íà (a, b).

Äîâåäåííÿ. Î÷åâèäíî , ùî ∀M = 1,∞ ìîæíà ïîáóäóâàòè òàêèé, ùî íå äîðiâíþ¹ òî-

òîæíî íóëåâi, óçàãàëüíåíèé ïîëiíîì

X̃M(t) =
M∑
k=0

c̃
(M)
k xk(t),

ùî ìà¹ âëàñòèâîñòi
b∫

a

X̃M(t)yj(t)dµ(t) = 0, j = 0,M − 1, (7)

àäæå çàäà÷à ïîáóäîâè òàêîãî ïîëiíîìà åêâiâàëåíòíà ðîçâ'ÿçàííþ îäíîðiäíî¨ ñèñòåìè M

ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü ç M +1 íåâiäîìèì. Ïðèïóñòèìî, ùî ïîëiíîì X̃M(t) ìà¹ íà

(a, b) m < M ïåðåìií çíàêà â òî÷êàõ a < t1 < . . . < tm < b. Êîðèñòóþ÷èñü iíòåðïîëÿöiéíè-

ìè âëàñòèâîñòÿìè ÷åáèøîâñüêèõ ñèñòåì ôóíêöié (äèâ. [60, c. 32]), ïîáóäó¹ìî â òàêîìó ðàçi

íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì Pm(t) çà ñèñòåìîþ ôóíêöié {yj(t)}mj=0, ùî ìà¹ ïðîñòi

íóëi â òî÷êàõ t1, t2, . . . , tm. Àëå òîäi äîáóòîê X̃M(t)Pm(t) áóäå çáåðiãàòè çíàê íà (a, b), à

îòæå,
b∫

a

X̃M(t)Pm(t)dµ(t) ̸= 0,

ùî ñóïåðå÷èòü (7). Òàêèì ÷èíîì, ïîëiíîì X̃M(t) ìà¹ ïðèíàéìíiM ïåðåìií çíàêà, à îòîæ i

ïðîñòèõ íóëiâ íà (a, b). Çâiäñè âèïëèâà¹, ùî c̃
(M)
M ̸= 0, àäæå iíàêøå âèíèêëî á ïðîòèði÷÷ÿ ç

òèì, ùî ÷åáèøîâñüêîþ ¹ ñèñòåìà ôóíêöié {xk(t)}M−1
k=0 . Êðiì òîãî, ìîæíà çðîáèòè âèñíîâîê,

ùî
b∫

a

X̃M(t)yM(t)dµ(t) ̸= 0,

îñêiëüêè â iíøîìó ðàçi ìè ïîáóäóâàëè á óçàãàëüíåíèé ïîëiíîì PM(t) çà ñèñòåìîþ ôóíêöié

{yj(t)}Mj=0, ùî ìà¹ ïðîñòi íóëi â òî÷êàõ, ùî ¹ íóëÿìè ïîëiíîìà X̃M(t), i çíîâó äiéøëè á

ïðîòèði÷÷ÿ.
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Öiëêîì àíàëîãi÷íî ïîáóäó¹ìî òàêi, ùî íå äîðiâíþþòü òîòîæíüî íóëåâi, óçàãàëüíåíi

ïîëiíîìè ỸN(t), N = 1,∞, òàêi ùî

b∫
a

xk(t)ỸN(t)dµ(t) = 0, k = 0, N − 1.

Ïiñëÿ öüîãî, ùîá çíàéòè ïîëiíîìèXM(t), M = 0,∞, òà YN(t), N = 0,∞,ùî çàäîâîëüíÿþòü

óìîâè òåîðåìè, äîñèòü çäiéñíèòè íîðìóâàííÿ ïîëiíîìiâ X̃M(t) òà ỸN(t).

Çàóâàæåííÿ 2. Çàçíà÷èìî, ùî ç äîâåäåííÿ òåîðåìè 3 âèïëèâà¹ íå òiëüêè iñíóâàííÿ

áiîðòîãîíàëüíèõ ïîëiíîìiâXM(t) òà YN(t), àëå i íàÿâíiñòü ó íèõ âiäïîâiäíîM òàN ïðîñòèõ

íóëiâ íà (a, b).

� 2. Áiîðòîãîíàëüíi ïîëiíîìè Êîíõàóçåðà

Ùå â XIX ñòîði÷÷i Ì. Äiäîíîì [150] òà Æ. Äåéðóòñîì [149] áóëî ðîçãëÿíóòå ïèòàííÿ

ïðî áiîðòîãîíàëiçàöiþ ñèñòåì ôóíêöié tk, k = 0,∞, òà tpj, j = 0,∞, äå p - äåÿêå ôiêñîâàíå

íàòóðàëüíå ÷èñëî, p ≥ 2, íà ñêií÷åííèõ òà íåñêií÷åííèõ âiäðiçêàõ äiéñíî¨ îñi âiäíîñíî äå-

ÿêî¨ ïîçèòèâíî¨ ìiðè dµ. Äæ. Êîíõàóçåð â ðîáîòi [187] ïîáóäóâàâ ñèñòåìè áiîðòîãîíàëüíèõ

ïîëiíîìiâ {Z(ν)
N (t; p)}∞N=0 òà {Y (ν)

M (t; p)}∞M=0 âèãëÿäó

Z
(ν)
N (t; p) =

N∑
k=0

ξ
(N)
k tpk, N = 0,∞,

Y
(ν)
M (t; p) =

M∑
j=0

η
(M)
j tj, M = 0,∞,

äëÿ ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∞∫
0

Z
(ν)
N (t; p)tj+νe−tdt = 0, j = 0, N − 1,

∞∫
0

Y
(ν)
M (t; p)tpk+νe−tdt = 0, k = 0,M − 1,

äå ν > −1. Íàäàëi öi ïîëiíîìè îòðèìàëè íàçâó áiîðòîãîíàëüíèõ ïîëiíîìiâ Êîíõàóçåðà i

âèâ÷àëèñÿ öiëèì ðÿäîì äîñëiäíèêiâ [112, 217, 222].

Ïiäõiä, îñíîâàíèé íà çàñòîñóâàííi óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, äîçâîëÿ¹ äî-

ñèòü ïðîñòî îòðèìàòè ÿâíi ôîðìóëè äëÿ ïîëiíîìiâ Êîíõàóçåðà Z
(ν)
N (t; p).

Òåîðåìà 4. Ïðè êîæíîìó äiéñíîìó p > −1 íåòðèâiàëüíi óçàãàëüíåíi ïîëiíîìè

Z
(ν)
N (t; p) =

N∑
k=0

ξ
(N)
k tpk, N = 0,∞,
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äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

∞∫
0

Z
(ν)
N (t; p)tj+νe−tdt = 0, j = 0, N − 1,

ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

Z
(ν)
N (t; p) = cN

N∑
k=0

(
N

k

)
(−1)ktpk

Γ(kp+ ν + 1)
, N = 0,∞,

äå cN - íåíóëüîâà êîíñòàíòà.

Äîâåäåííÿ. Ðîçãëÿíåìî ïðè äåÿêîìó ν > −1 ÷èñëîâó ïîñëiäîâíiñòü

sk = Γ(k + ν + 1) = (ν + 1)kΓ(ν + 1), k = 0,∞. (8)

Ç iíòåãðàëüíîãî çîáðàæåííÿ äëÿ ãàìà-ôóíêöi¨ [98, ñ.81] âèïëèâà¹, ùî ïîñëiäîâíiñòü (8) ¹

ïîñëiäîâíiñòþ ñòåïåíåâèõ ìîìåíòiâ

sk =

∞∫
0

tktνe−tdt, k = 0,∞.

Îòîæ, òâiðíà ôóíêöiÿ ïîñëiäîâíîñòi (8)

f(z) =
∞∑
k=0

skz
k =

∞∑
k=0

Γ(k + ν + 1)zk = Γ(ν + 1)2F0(1, ν + 1; z)

¹ ìàðêîâñüêîþ ôóíêöi¹þ, i çíàìåííèêè ¨¨ àïðîêñèìàíò Ïàäå [N − 1/N ]f (z) ïîðÿäêiâ [N −
1/N ], N = 1,∞, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi (äèâ. �1.2)

QN(z) = zNAN(1/z), (9),

äå {AN(t)}∞N=0 - ïîñëiäîâíiñòü àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ, îðòîãîíàëüíèõ íà [0,∞) ç âà-

ãîþ e−ttν . ßê âiäîìî (äèâ. [7]), òàêi îðòîãîíàëüíi ìíîãî÷ëåíè íàçèâàþòüñÿ ìíîãî÷ëåíàìè

Ëàãåððà i ìîæóòü áóòè ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà çàïèñàíi ó âèãëÿäi

AN(t) = LN(t; ν) =
N∑

m=0

(
N

m

)
(ν + 1)N
(ν + 1)m

(−t)m. (10)

Ç (9) òà (10) ìà¹ìî

QN(z) =
N∑

m=0

(
N

m

)
(ν + 1)N

(ν + 1)N−m

(−1)N−mzm.

Ðîçãëÿíåìî òåïåð ëiíiéíèé ïðîñòið Y íåïåðåðâíèõ øâèäêî ñïàäàþ÷èõ íà [0,+∞) ôóíêöié,

òîáòî ôóíêöié, ùî ñïàäàþòü ïðè t→ ∞ øâèäøå áóäü-ÿêîãî ñòåïåíÿ 1/t, i ëiíiéíèé ïðîñòið
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X íåïåðåðâíèõ íà (0,+∞) i iíòåãðîâíèõ â îêîëi òî÷êè t = 0 ôóíêöié ïîâiëüíîãî çðîñòàííÿ

íà [0,+∞), òîáòî ôóíêöié, ùî çðîñòàþòü ïðè t→ ∞ íå øâèäøå äåÿêîãî ñòåïåíÿ t. Áiëüø

òî÷íî,

Y =

{
y ∈ C[0,+∞) : ∀N > 0 ∃C > 0, ε > 0, |y(t)| ≤ C

|t+ ε|M
, ∀t ∈ [0,+∞)

}
,

X = {x ∈ C[0,+∞) : ∃t0 ∈ (0,+∞), x ∈ L[0, t0],

∃M > 0, C > 0, ε > 0, |x(t)| ≤ C|t+ ε|M , ∀t ∈ [t0,+∞)}.

Îçíà÷èìî ïðè äåÿêîìó ôiêñîâàíîìó äiéñíîìó p > 1 â ïðîñòîði X ëiíiéíèé îïåðàòîð çà

ôîðìóëîþ

(Aφ)(t) =

t∫
0

τ(t− τ)p−2φ(τ)dτ

Γ(p− 1)
.

Îçíà÷èìî òàêîæ â ïðîñòîði Y ëiíiéíèé îïåðàòîð A∗ çà ôîðìóëîþ

(A∗ψ)(t) = t

∞∫
t

(τ − t)p−2ψ(τ)dτ

Γ(p− 1)
.

Íåâàæêî ïåðåêîíàòèñü, ùî, ÿêùî îçíà÷èòè íà äîáóòêó ïðîñòîðiâ X ×Y áiëiíiéíó ôîðìó

⟨φ, ψ⟩ =
∞∫
0

φ(t)ψ(t)dt, (11)

òî îïåðàòîð A∗ áóäå ñïðÿæåíèì äî îïåðàòîðà A âiäíîñíî öi¹¨ ôîðìè. Ïîêëàäåìî òåïåð

x0(t) = tν , ν > −1. Î÷åâèäíî, x0 ∈ X . Ëåãêî ïiäðàõóâàòè, ùî

xk(t) = (Akx0)(t) =

Γ(ν + 1)
k−1∏
m=0

(mp+ ν + 1)

Γ(kp+ ν + 1)
tkp+ν . (12)

Ïîêëàäåìî òåïåð y0(t) = e−t. Î÷åâèäíî, y0 ∈ Y . Ïðîñòi ïiäðàõóíêè äàþòü

y1(t) = te−t,

y2(t) = t(t+ p− 1)e−t.

Íåâàæêî âñòàíîâèòè, ùî

deg{yj(t)et} ≡ j. (13)

Ïiäðàõó¹ìî óçàãàëüíåíi ìîìåíòè

sk =
⟨
Akx0, y0

⟩
= ⟨xk, y0⟩ =

∞∫
0

Γ(ν + 1)
k−1∏
m=0

(mp+ ν + 1)

Γ(kp+ ν + 1)
tkp+νe−tdt =
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= Γ(ν + 1)
k−1∏
m=0

(mp+ ν + 1) = Γ(ν + 1)(ν + 1)(ν + 1 + p) · . . . · (ν + 1 + (k + 1)p) =

= Γ(ν + 1)pk
(
ν + 1

p

)(
ν + 1

p
+ 1

)
· . . . ·

(
ν + 1

p
+ k − 1

)
= pk

(
ν + 1

p

)
k

Γ(ν + 1). (14)

Âðàõîâóþ÷è ïîïåðåäíi ìiðêóâàííÿ, çíàìåííèê Q̃N(z) àïðîêñèìàíòè Ïàäå ïîðÿäêó

[N − 1/N ] òâiðíî¨ ôóíêöi¨ ïîñëiäîâíîñòi (14) ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ìîæíà

çàïèñàòè ó âèãëÿäi

Q̃N(z) =
N∑

m=0

(
N

m

) (
ν+1
p

)
N(

ν+1
p

)
N−m

(−1)N−m(pz)m.

Ç iíøîãî áîêó, àïðîêñèìàíòó Ïàäå ïîðÿäêó [N −1/N ] âêàçàíî¨ ôóíêöi¨ ìîæíà ïîáóäóâàòè

ç âèêîðèñòàííÿì óçàãàëüíåíîãî ìîìåíòíîãî çîáðàæåííÿ (14). Äëÿ öüîãî çãiäíî ç òåîðåìîþ

1.1 íåîáõiäíî áiîðòîãîíàëiçóâàòè ïîñëiäîâíîñòi {xk(t)}∞k=0 òà {yj(t)}∞j=0 âiäíîñíî áiëiíiéíî¨

ôîðìè (11), à ñàìå � ïîáóäóâàòè íåòðèâiàëüíi óçàãàëüíåíi ïîëiíîìè

XN(t) =
N∑
k=0

c
(N)
k xk(t),

òàêi ùî
∞∫
0

XN(t)yj(t)dt = 0, j = 0, N − 1.

Âðàõîâóþ÷è (12) i (13), áà÷èìî, ùî

XN(t) = tνZ
(ν)
N (t; p),

äå Z
(ν)
N (t; p) - áiîðòîãîíàëüíi ïîëiíîìè Êîíõàóçåðà. Îòîæ,

c
(N)
k

Γ(ν + 1)
k−1∏
m=0

(mp+ ν + 1)

Γ(kp+ ν + 1)
= ξ

(N)
k . (15)

Çíàìåííèê Q̃N(z) ïiñëÿ öüîãî ìîæå áóòè çàïèñàíèé ó âèãëÿäi

Q̃N(z) =
N∑
k=0

c
(N)
k zN−k. (16)

Âðàõîâóþ÷è (16), ìà¹ìî

c
(N)
k =

(
N

k

)(ν+1
p

)
N(

ν+1
p

)
k

(−1)kpN−k. (17)
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Ç (15) òà (17) ìà¹ìî

ξ
(N)
k =

(
N

k

)(ν+1
p

)
N(

ν+1
p

)
k

(−1)kpN−k
Γ(ν + 1)pk

(
ν+1
p

)
k

Γ(kp+ ν + 1)
=

=

(
N

k

)(ν+1
p

)
N
(−1)kpNΓ(ν + 1)

Γ(kp+ ν + 1)
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

� 3. Òåîðåìè iíâàðiàíòíîñòi äëÿ áiîðòîãîíàëüíèõ ïîëiíîìiâ

Ïåðåéäåìî òåïåð äî âñòàíîâëåííÿ äåÿêèõ âëàñòèâîñòåé iíâàðiàíòíîñòi áiîðòîãîíàëüíèõ

ïîëiíîìiâ.

Òåîðåìà 5 [31]. Íåõàé â äåÿêîìó ëiíiéíîìó ïðîñòîði X çàäàíî ëiíiéíèé îïåðàòîð

A : X → X . Ïðèïóñòèìî òàêîæ, ùî ïðè äåÿêîìó ôiêñîâàíîìó x0 ∈ X i äåÿêîìó

ôiêñîâàíîìó y0 ∈ Y ïîáóäîâàíî ïîñëiäîâíiñòü óçàãàëüíåíèõ ïîëiíîìiâ âèãëÿäó

XN =
N∑
k=0

c
(N)
k xk =

N∑
k=0

c
(N)
k Akx0 = PN(A)x0, N = 0,∞,

ÿêi çàäîâîëüíÿþòü óìîâè áiîðòîãîíàëüíîñòi

⟨XN , yj⟩ = ⟨XN , A
∗y0⟩ = δN,j, j = 0, N − 1, (18)

äå A∗ : Y → Y - îïåðàòîð, ñïðÿæåíèé äî A âiäíîñíî áiëiíiéíî¨ ôîðìè ⟨., .⟩ , âèçíà÷åíî¨
íà äîáóòêó ïðîñòîðiâ X × Y . Òîäi äëÿ êîæíîãî N = 0,∞ íåòðèâiàëüíèé ïîëiíîì X̃N

âèãëÿäó

X̃N =
N∑
k=0

c̃
(N)
k Akx0,

ÿêèé çàäîâîëüíÿ¹ óìîâè áiîðòîãîíàëüíîñòi⟨
X̃N , ỹj

⟩
= 0, j = 0, N − 1, (19)

äå ỹj = A∗j ỹ0, j = 0,∞, a

ỹ0 =
M∏

m=1

(1 + βmA
∗)y0, (20)

ìîæå áóòè ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà çîáðàæåíèé ó âèãëÿäi

X̃N =
M∏

m=1

(1 + βmA)
−1

M+N∑
k=N

γkXk,
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äå êîåôiöi¹íòè γk, k = N,M +N, âèçíà÷àþòüñÿ ç îäíîðiäíî¨ ñèñòåìè ëiíiéíèõ àëãåáðà¨÷-

íèõ ðiâíÿíü
M+N∑
k=N

γkP
(n)
k

(
− 1

βm

)
= 0, n = 0, ρm − 1, m = 1,M∗,

äå M∗ � êiëüêiñòü ðiçíèõ ìiæ ñîáîþ ÷èñåë βm, a ρm � êðàòíiñòü ÷èñëà βm, m = 1,M∗, â

ïðåñòàâëåííi (20).

Äîâåäåííÿ. Ç (19) òà (20) ìà¹ìî

⟨
X̃N , ỹj

⟩
=

⟨
M∏

m=1

(1 + βmA)X̃N , yj

⟩
= 0, j = 0, N − 1.

Ââåäåìî ïîçíà÷åííÿ

ΦN :=
M∏

m=1

(1 + βmA)X̃N =
M+N∑
k=0

γkXk. (21)

Îòðèìà¹ìî

⟨
X̃N , ỹj

⟩
= ⟨ΦN , yj⟩ =

⟨
M+N∑
k=0

γkXk, yj

⟩
= γj +

⟨
j−1∑
k=0

γkXk, yj

⟩
= 0, j = 0, N − 1.

Çâiäñè ðîáèìî âèñíîâîê, ùî

γj = 0, j = 0, N − 1.

Òàêèì ÷èíîì,

ΦN =
M+N∑
k=N

γkXk.

Ç âðàõóâàííÿì (21) îòðèìà¹ìî

X̃N =
M∏

m=1

(1 + βmA)
−1

M+N∑
k=N

γkXk.

Ñêîðèñòàâøèñü ðîçêëàäîì

(1 + βA)−1 =
∞∑
p=0

(−β)pAp, (22)

îòðèìà¹ìî

X̃N =
∞∑

p1,...,pm=0

(−β1)p1 · . . . · (−βm)pmAp1+...+pM

M+N∑
k=N

γk

k∑
r=0

c(k)r Arx0. (23)

Îñêiëüêè åëåìåíòè xk = Akx0, k = 0,∞, ¹ ëiíiéíî íåçàëåæíèìè (iíàêøå áóëà á íåìîæ-

ëèâîþ íåâèðîäæåíà áiîðòîãîíàëiçàöiÿ (18)), òî ìîæíà ïðèðiâíÿòè êîåôiöi¹íòè ïðè xk,
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k = 0,∞, â ïðàâié òà ëiâié ÷àñòèíi (23). Çîêðåìà, êîåôiöi¹íòè ïðè xr, r = N + 1,∞, â

ïðàâié ÷àñòèíi (23) ïîâèííi äîðiâíþâàòè íóëåâi. Ââàæàþ÷è, ùî M ≥ 1 (âèïàäîê M = 0 ¹

î÷åâèäíèì), ïðèðiâíÿ¹ìî íóëåâi êîåôiöi¹íòè ïðè xN+M+j, j = 0,M, â ïðàâié ÷àñòèíi (23).

Îòðèìà¹ìî

M+N∑
k=N

γk

k∑
r=0

c(k)r

∑
p1+...+pM=N+M+j−r

(−β1)p1 · . . . · (−βM)pM = 0, j = 0,M. (24)

Ââåäåìî äî ðîçãëÿäó åëåìåíòàðíi ñèìåòðè÷íi ìíîãî÷ëåíè ñòåïåíÿ s âiä M çìiííèõ (äèâ.

[61, c. 242])

F (M)
s (ξ1, ξ2, . . . , ξM) :=

∑
p1+...+pM=s

ξp11 ξ
p2
2 · . . . · ξpMM . (25)

Ëåãêî ïåðåêîíàòèñÿ, ùî ìàþòü ìiñöå òîòîæíîñòi

F
(M)
s+1 (ξ1, ξ2, . . . , ξM) = ξ1F

(M)
s (ξ1, ξ2, . . . , ξM) + F

(M−1)
s+1 (ξ2, . . . , ξM). (26)

Ðiâíîñòi (24) ç âðàõóâàííÿì (25) ìîæíà ïåðåïèñàòè ó âèãëÿäi

M+N∑
k=N

γk

k∑
r=0

c(k)r F
(M)
N+M+j−r(−β1, . . . ,−βM) = 0, j = 0,M. (27)

Ñïî÷àòêó ïðèïóñòèìî, ùî âñi βm, m = 1,M, ðiçíi ìiæ ñîáîþ. Âiäíiìåìî âiä êîæíîãî

(j + 1)-ãî ðiâíÿííÿ (27) j-e , j = 0,M − 1. Òîäi íà îñíîâi (26) îòðèìà¹ìî

M+N∑
k=N

γk

k∑
r=0

c
(k)
k F

(M−1)
N+M+j−r(−β2, . . . ,−βM) = 0, j = 0,M − 1.

Ïðîäîâæóþ÷è äiÿòè i äàëi òàêèì æå ÷èíîì, â ðåøòi ðåøò ïðèéäåìî äî ðiâíîñòi

M+N∑
k=N

γk

k∑
r=0

c(k)r F
(1)
N+M−r(−βM) = 0,

ÿêó ç âðàõóâàííÿì (25) ìîæíà çàïèñàòè ó âèãëÿäi

M+N∑
k=N

γk

k∑
r=0

c(k)r (−βM)−r = 0,

àáî
M+N∑
k=N

γkPk

(
− 1

βM

)
= 0.

Îñêiëüêè óìîâè (27) ñèìåòðè÷íi âiäíîñíî β1, . . . , βM , òî ìà¹ìî òàêîæ

M+N∑
k=N

γkPk

(
− 1

βm

)
= 0, m = 1,M.
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Ïðèïóñòèìî òåïåð, ùî ñåðåä ÷èñåë βm, m = 1,M, ¹ êðàòíi. Íàïðèêëàä, äåÿêå ÷èñëî

β ∈ {βm, m = 1,M} ìà¹ êðàòíiñòü ρ. Ðîçãëÿíåìî òîäi çáóðåíó çàäà÷ó, â ÿêié çàìiñòü êðàò-
íîãî çíà÷åííÿ β â çîáðàæåííi (20) ôiãóðó¹ ρ ðiçíèõ çíà÷åíü β, β

1−βh
, β

1−2βh
, . . . , β

1−(ρ−1)βh
,

ïðè÷îìó h > 0 ¹ íàñòiëüêè ìàëèì, ùî æîäíå ç öèõ çíà÷åíü íå ñïiâïàäà¹ ç iíøèìè ÷èñëàìè

βm ó âêàçàíîìó çîáðàæåííi. Òîäi, äiþ÷è àíàëîãi÷íî ïîïåðåäíüîìó, äiñòàíåìî

M+N∑
k=N

γkPk

(
− 1

β
+ jh

)
= 0, j = 0, ρ− 1.

Çâiäñè áóäå âèïëèâàòè, ùî òàêîæ äîðiâíþþòü íóëåâi ðîçäiëåíi ðiçíèöi, à îòæå, ïðè h→ 0

i âiäïîâiäíi ïîõiäíi
M+N∑
k=N

γkP
(n)
k

(
− 1

β

)
, n = 0, ρ− 1.

Òàêèì ÷èíîì òåîðåìà 5 äîâåäåíà.

Òåîðåìà 6 [32]. Íåõàé â äåÿêîìó ëiíiéíîìó ïðîñòîði X çàäàíî ëiíiéíèé îïåðàòîð A :

X → X . Ïðèïóñòèìî òàêîæ, ùî ïðè äåÿêîìó ôiêñîâàíîìó x0 ∈ X i äåÿêîìó ôiêñîâàíîìó

y0 ∈ Y ïîáóäîâàíî ïîñëiäîâíiñòü óçàãàëüíåíèõ ïîëiíîìiâ âèãëÿäó

YN =
N∑
j=0

c
(N)
j yj =

N∑
j=0

c
(N)
j A∗jy0, N = 0,∞, (28)

ÿêi çàäîâîëüíÿþòü óìîâè áiîðòîãîíàëüíîñòi

⟨xk, YN⟩ =
⟨
Akx0, YN

⟩
= 0, k = 0, N − 1, (29)

äå A∗ : Y → Y - îïåðàòîð, ñïðÿæåíèé äî A âiäíîñíî áiëiíiéíî¨ ôîðìè ⟨., .⟩ , âèçíà÷åíî¨ íà
äîáóòêó ïðîñòîðiâ X × Y . Òîäi äëÿ êîæíîãî N ≥ M + 1, M > 0, íåòðèâiàëüíèé ïîëiíîì

ỸN âèãëÿäó

ỸN =
N∑
j=0

c̃
(N)
j yj,

ÿêèé çàäîâîëüíÿ¹ óìîâè áiîðòîãîíàëüíîñòi⟨
x̃k, ỸN

⟩
= 0, k = 0, N − 1,

äå x̃k = Akx̃0, k = 0,∞, a x̃0 ¹ ðîçâ'ÿçêîì îïåðàòîðíîãî ðiâíÿííÿ

M∗∏
m=1

(1− βmA)
ρmx̃0 = x0, (30)
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äå ÷èñëà βm, = 1,M∗, ðiçíi ìiæ ñîáîþ, a
M∗∑
m=1

ρm =M, ìîæå áóòè ç òî÷íiñòþ äî ïîñòiéíîãî

ìíîæíèêà çîáðàæåíèé ó âèãëÿäi

ỸN = det

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

εN−M(β1) εN−M+1(β1) . . . εN(β1)

· · · · · · . . . · · ·
ε
(r1−1)
N−M (β1) ε

(r1−1)
N−M+1(β1) . . . ε

(r1−1)
N (β1)

· · · · · · . . . · · ·
ε
(rM∗−1)
N−M (βM∗) ε

(rM∗−1)
N−M+1(βM∗) . . . ε

(rM∗−1)
N (βM∗)

YN−M YN−M+1 . . . YN

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
,

äå

εk(z) =
f(z)Qk(z)− Pk−1(z)

zk
,

a

[k − 1/k]f (z) =
Pk−1(z)

Qk(z)

� àïðîêñèìàíòè Ïàäå ôóíêöi¨ f(z) =
⟨
R#

z (A)x0, y0
⟩
ïîðÿäêiâ [k − 1/k], k ≥ 1.

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè r1 = r2 = . . . = rM∗ = 1. Î÷åâèäíî,

∀N ≥M + 1 ¹ ìîæëèâèì ðîçêëàä

ỸN =
N∑
r=0

γ(N)
r Yr. (31)

Çàñòîñó¹ìî ôóíêöiîíàë
⟨
., ỸN

⟩
, äå ỸN âèçíà÷à¹òüñÿ ðiâíiñòþ (31), äî xk,

k = 0, N −M − 1. Îòðèìà¹ìî

0 =
k∑

r=0

γ(N)
r ⟨xk, Yr⟩ , k = 0, N −M − 1. (32)

Ç îãëÿäó íà íåâèðîäæåíiñòü áiîðòîãîíàëiçàöi¨ (29) ìà¹ìî

⟨xr, Yr⟩ ̸= 0, r = 0,∞.

Òîìó ç (32) âèïëèâà¹

γ(N)
r = 0, r = 0, N −M − 1.

Òàêèì ÷èíîì, (31) ìîæíà ïåðåïèñàòè ó âèãëÿäi

ỸN =
N∑

r=N−M

γ(N)
r Yr. (33)
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Êîåôiöi¹íòè γ
(N)
r , r = N −M,N, ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ìîæíà âèçíà÷èòè ç

óìîâ îðòîãîíàëüíîñòi ỸN äî x̃k, k = 0,M − 1 :

0 =
⟨
x̃k, ỸN

⟩
=

N∑
r=N−M

γ(N)
r ⟨x̃k, Yr⟩ , k = 0,M − 1. (34)

Ç (34) âèïëèâà¹, ùî

N∑
r=N−M

γ(N)
r

⟨
M∏

m=1
m̸=k

(1− βmA)x̃0, Yr

⟩
= 0, k = 1,M. (35)

Ðîçãëÿíåìî àëãåáðà¨÷íi ìíîãî÷ëåíè

bk(t) =
M∏

m=1,

m̸=k

(1− βmt).

Âîíè ëiíiéíî íåçàëåæíi. Äiéñíî, ÿêùî ïðèïóñòèòè ïðîòèëåæíå, òî

0 ≡
M∑
k=1

ηkbk(t) =
M∑
k=1

ηk

M∏
m=1
m̸=k

(1− βmt). (36)

Ïîêëàäåìî â (36) t = 1/βj, j = 1,M. Îòðèìà¹ìî ηj = 0, j = 1,M, ùî ñóïåðå÷èòü ïðèïó-

ùåííþ. Çâiäñè âèïëèâà¹, ùî óìîâè (34) i (35) åêâiâàëåíòíi. Ç âðàõóâàííÿì (30) ðiâíîñòi

(35) ìîæíà ïåðåïèñàòè ó âèãëÿäi

N∑
r=N−M

γ(N)
r

⟨
(I − βkA)

−1x0, Yr
⟩
= 0, k = 1,M. (37)

Ñêîðèñòà¹ìîñü òåïåð ôîðìóëîþ (1.18)⟨
(I − βkA)

−1x0, Yr
⟩
=
f(βk)Qr(βk)− Pr−1(βk)

βr
k

=

= εr(βk), r = N −M,N, k = 1,M. (38)

Ç âðàõóâàííÿì (33), (37) òà (38) îòðèìà¹ìî

ỸN = det

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

εN−M(β1) εN−M+1(β1) . . . εN(β1)

εN−M(β2) εN−M+1(β2) . . . εN(β2)

· · · · · · . . . · · ·
· · · · · · . . . · · ·

εN−M(βM) εN−M+1(βM) . . . εN(βM)

YN−M YN−M+1 . . . YN

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
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Ùîá äîâåñòè òåîðåìó â çàãàëüíîìó âèïàäêó, òîáòî ïðè íàÿâíîñòi êðàòíèõ βm, äîñèòü

ñïî÷àòêó çàìiíèòè êîæíå ÷èñëî βm, ùî ìà¹ êðàòíiñòü ρm, íà ρm ðiçíèõ ÷èñåë βm, βm+h,

. . . , βm+(ρm−1)h, à ïîòiì ïåðåéòè äî ãðàíèöi ïðè h→ 0.

Òåîðåìà 7 [33]. Íåõàé â äåÿêîìó ëiíiéíîìó ïðîñòîði X çàäàíî ëiíiéíèé îïåðàòîð A :

X → X . Ïðèïóñòèìî òàêîæ, ùî ïðè äåÿêîìó ôiêñîâàíîìó x0 ∈ X i äåÿêîìó ôiêñîâàíîìó

y0 ∈ Y ïîáóäîâàíî ïîñëiäîâíiñòü óçàãàëüíåíèõ ïîëiíîìiâ âèãëÿäó

XN =
N∑
k=0

c
(N)
k xk =

N∑
k=0

c
(N)
k Akx0, (39)

ÿêi çàäîâîëüíÿþòü óìîâè áiîðòîãîíàëüíîñòi⟨
XN , A

∗jy0
⟩
= δN,j, (40)

äå A∗ : Y → Y - îïåðàòîð, ñïðÿæåíèé äî A âiäíîñíî áiëiíiéíî¨ ôîðìè ⟨., .⟩ , âèçíà÷åíî¨
íà äîáóòêó ïðîñòîðiâ X × Y . Òîäi äëÿ êîæíîãî N = 1,∞ íåòðèâiàëüíèé ïîëiíîì X̃N

âèãëÿäó

X̃N =
N∑
k=0

c̃
(N)
k x̃k =

N∑
k=0

c̃
(N)
k Ãkx0, (41)

äå

Ãx = Ax+ ⟨x, λ00y0 + λ01y1⟩ x0 + ⟨x, λ10y0 + λ11y1⟩x1, (42)

ÿêèé çàäîâîëüíÿ¹ óìîâè áiîðòîãîíàëüíîñòi⟨
X̃N , ỹj

⟩
=
⟨
X̃N , Ã

∗jy0

⟩
= 0, j = 0, N − 1, (43)

ÿêùî òiëüêè 1+λ10s0+λ11s1 ̸= 0, ìîæå áóòè ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà çîáðàæåíèé

ó âèãëÿäi

X̃N = XN =
N∑
k=0

c
(N)
k x̃k −

N−1∑
m=0

x̃m

N∑
k=m+1

c
(N)
k ×

×{(λ00 + δs1)sk−m−1 + (λ01 + λ10 + δs0)sk−m + λ11sk−m+1}+ x0

N∑
k=0

c
(N)
k (λ10sk + λ11sk+1),

(44)

äå δ = λ00λ11 − λ01λ10, a sk =
⟨
Akx0, y0

⟩
, k = 0,∞. Ïðè öüîìó, ÿêùî N ≥ 2, òî îñòàííÿ

ñóìà â (44) äîðiâíþ¹ íóëþ.

Äîâåäåííÿ. Íåâàæêî çðîáèòè âèñíîâîê, ùî äëÿ åëåìåíòiâ x̃k, k = 0,∞, ìàþòü ìiñöå

çîáðàæåííÿ

x̃k =
k∑

m=1

dk−mxm + ekx0, k = 0,∞. (45)
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Ùîá âèçíà÷èòè êîåôiöi¹íòè dm, em, m = 0,∞, çàñòîñó¹ìî äî (45) îïåðàòîð (42). Îòðèìà¹ìî

x̃k+1 = Ãx̃k =
k∑

m=1

dk−mxm+1 + ekx1+

+

{
k∑

m=1

dk−m(λ00sm + λ01sm+1) + ek(λ00s0 + λ01s1)

}
x0+

+

{
k∑

m=1

dk−m(λ10sm + λ11sm+1) + ek(λ10s0 + λ11s1)

}
x1 =

=
k+1∑
m=1

dk+1−mxm + ek+1x0.

Çâiäñè ìà¹ìî

ek+1 =
k∑

m=1

dk−m(λ00sm + λ01sm+1) + ek(λ00s0 + λ01s1), (46)

dk = ek +
k∑

m=1

dk−m(λ10sm + λ11sm+1) + ek(λ10s0 + λ11s1). (47)

Ðîçãëÿíåìî òâiðíi ôóíêöi¨

E(z) =
∞∑
k=0

ekz
k, D(z) =

∞∑
k=0

dkz
k.

Äëÿ íèõ íà îñíîâi (46), (47) îòðèìà¹ìî ðiâíîñòi

E(z) = 1 +
∞∑
k=0

zk+1

{
k∑

m=1

dk−m(λ00sm + λ01sm+1) + ek(λ00s0 + λ01s1)

}
=

= 1 +D(z)
∞∑

m=1

(λ00sm + λ01sm+1)z
m+1 + z(λ00s0 + λ01s1)E(z), (48)

D(z) =
∞∑
k=0

ekz
k +

∞∑
k=1

zk
k∑

m=1

dk−m(λ10sm + λ11sm+1)+

+(λ10s0 + λ11s1)
∞∑
k=0

ekz
k = (1 + λ10s0 + λ11s1)E(z) +D(z)

∞∑
m=1

(λ10sm + λ11sm+1)z
m. (49)

Ðîçâ'ÿçóþ÷è ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (48), (49), îòðèìà¹ìî

D(z) =
1

∆
(1 + λ10s0 + λ11s1), (50)

E(z) =
1

∆

{
1−

∞∑
m=1

(λ10sm + λ11sm+1)z
m

}
, (51)
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äå

∆ = 1−
∞∑

m=1

(λ10sm + λ11sm+1)z
m+

+
∞∑

m=0

zm+1 {(λ00s0 + λ01s1)(λ10sm + λ11sm+1)− (1 + λ10s0 + λ11s1)(λ00sm + λ01sm+1)} .

Ëåãêî áà÷èòè, ùî áiîðòîãîíàëüíèé ïîëiíîì X̃N , âèçíà÷åíèé óìîâàìè (41), (43) ó âèïàäêó,

êîëè 1+λ10s0+λ11s1 ̸= 0, áóäå ñïiâïàäàòè ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ç ïîëiíîìîì

XN , âèçíà÷åíèì óìîâàìè (39), (40). Îòîæ, íåîáõiäíî , ââàæàþ÷è âiäîìèìè êîåôiöi¹íòè

c
(N)
k , k = 0, N, N = 0,∞, âèçíà÷èòè êîåôiöi¹íòè c̃

(N)
k , k = 0, N, N = 1,∞. Äëÿ öüîãî

çíàéäåìî âèðàçè åëåìåíòiâ xk, k = 0,∞, ÷åðåç åëåìåíòè x̃k, k = 0,∞. Ïîçíà÷èìî

X̃(z) =
∞∑
k=0

x̃kz
k, X(z) =

∞∑
k=0

xkz
k.

Íà îñíîâi (45) îòðèìà¹ìî

X̃(z) =
∞∑
k=0

zk
k∑

m=1

dk−mxm +
∞∑
k=0

zkekx0 = X(z)D(z) + (E(z)−D(z))x0.

Çâiäñè

X(z) =
X̃(z) + (D(z)− E(z))x0

D(z)
.

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè ñòåïåíÿõ z, ìà¹ìî

xk =
1

1 + λ10s0 + λ11s1

{
x̃k +

k−1∑
j=0

x̃j {−λ10sk−j − λ11sk−j+1+

+(λ00s0 + λ01s1)(λ10sk−j−1 + λ11sk−j)−

−(1 + λ10s0 + λ11s1)(λ00sk−j−1 + λ01sk−j)}+ (λ10sk + λ11sk+1)x̃0} ,

çâiäêè i âèïëèâà¹ çîáðàæåííÿ (44).

� 4. Òåîðåìè iíâàðiàíòíîñòi äëÿ àïðîêñèìàöié Ïàäå

Íåçâàæàþ÷è íà òå, ùî àïðîêñèìàíòè Ïàäå ¹ ñóòò¹âî íåëiíiéíèì àïàðàòîì íàáëèæåííÿ

ôóíêöié, ðÿäîì äîñëiäíèêiâ áóëî âñòàíîâëåíî, ùî ïðè äåÿêèõ ïåðåòâîðåííÿõ íàáëèæóâà-

íî¨ ôóíêöi¨ âîíè çáåðiãàþòü ñâié âèãëÿä òà âëàñòèâîñòi (äèâ. [5, c. 42�45]). Íà áàçi ïiäõîäó,

îñíîâàíîãî íà çàñòîñóâàííi óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, ìîæíà ïîâ'ÿçàòè âëàñòè-

âîñòi iíâàðiàíòíîñòi àïðîêñèìàíò Ïàäå ç âëàñòèâîñòÿìè iíâàðiàíòíîñòi áiîðòîãîíàëüíèõ

ïîëiíîìiâ i ïåâíèì ÷èíîì óçàãàëüíèòè iñíóþ÷i ðåçóëüòàòè.
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Òåîðåìà 8. Íåõàé äëÿ äåÿêî¨ ôóíêöi¨

f(z) =
∞∑
k=0

skz
k

iñíó¹ òà ¹ íåâèðîäæåíîþ àïðîêñèìàíòà Ïàäå ïîðÿäêó [N − 1/N ], N ≥ 1,

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
.

Òîäi äëÿ ôóíêöi¨

f̃(z) =
1

1 + λz
f

(
z

1 + λz

)
òàêîæ iñíó¹ i ¹ íåâèðîäæåíîþ àïðîêñèìàíòà Ïàäå ïîðÿäêó [N − 1/N ] i ïðè öüîìó

[N − 1/N ]f̃ (z) =
P̃N−1(z)

Q̃N(z)
,

äå

Q̃N(z) = (1 + λz)NQN

(
z

1 + λz

)
, (52)

P̃N−1(z) = (1 + λz)N−1PN−1

(
z

1 + λz

)
. (53)

Äîâåäåííÿ. Ïîáóäó¹ìî äëÿ ïîñëiäîâíîñòi {sk}∞k=0 óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà

äîáóòêó äåÿêèõ ëiíiéíèõ ïðîñòîðiâ X òà Y

sk+j = ⟨xk, yj⟩ , k, j = 0,∞,

äå xk = Akx0, k = 0,∞, yj = A∗jy0, j = 0,∞, òàê ùî ìàòèìå ìiñöå çîáðàæåííÿ

f(z) =
⟨
R#

z (A)x0, y0
⟩
.

Ðîçãëÿíåìî â ïðîñòîði X îïåðàòîð

Ã = A− λI,

äå λ � äåÿêå êîìïëåêñíå ÷èñëî, âiäìiííå âiä 0. Ïîðàõó¹ìî éîãî ðåçîëüâåíòíó ôóíêöiþ

R#
z (Ã) = (I − zÃ)−1 = (I − zA+ zλI)−1 =

=
1

1 + λz

(
I − z

1 + λz
A

)−1

=
1

1 + λz
R#

z
1+λz

(A).

Îòîæ, âiäïîâiäíà ôóíêöiÿ ìàòèìå âèãëÿä

f̃(z) =
⟨
R#

z (Ã)x0, y0

⟩
=

1

1 + λz
f

(
z

1 + λz

)
.
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Çãiäíî ç òåîðåìîþ 1.1 àïðîêñèìàíòà Ïàäå ôóíêöi¨ f(z) ïîðÿäêó [N − 1/N ], N ≥ 1, ìîæå

áóòè çàïèñàíà ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

c
(N)
k zN−k,

PN−1(z) =
N∑
k=1

c
(N)
k zN−k

k−1∑
m=0

smz
m, (54)

à êîåôiöi¹íòè c
(N)
k , k = 0, N, âèçíà÷àþòüñÿ çi ñïiââiäíîøåíü áiîðòîãîíàëüíîñòi äëÿ óçà-

ãàëüíåíîãî ïîëiíîìà

XN =
N∑
k=0

c
(N)
k xk (55)

âèãëÿäó

⟨XN , yj⟩ = 0, j = 0, N − 1.

Ïîçíà÷èìî

x̃k = Ãkx0, k = 0,∞, ỹj = Ã∗jy0, j = 0,∞.

Ëåãêî áà÷èòè, ùî ïðè êîæíîìó N ≥ 1 ëiíiéíà îáîëîíêà åëåìåíòiâ {x̃k}Nk=0 ñïiâïàäà¹ ç

ëiíiéíîþ îáîëîíêîþ åëåìåíòiâ {xk}Nk=0, à ëiíiéíà îáîëîíêà {ỹj}Nj=0 ñïiâïàäà¹ ç ëiíiéíîþ

îáîëîíêîþ åëåìåíòiâ {yj}Nj=0. Òîìó, áóäóþ÷è àïðîêñèìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêiâ

[N − 1/N ], N ≥ 1, ìè ïðèéäåìî äî ïîáóäîâè òèõ æå áiîðòîãîíàëüíèõ ïîëiíîìiâ (55). Íàì

çàëèøà¹òüñÿ ëèøå çíàéòè çîáðàæåííÿ öèõ ïîëiíîìiâ ó âèãëÿäi

XN =
N∑
k=0

c̃
(N)
k x̃k.

Äëÿ öüîãî ðîçãëÿíåìî çîáðàæåííÿ

xk = Akx0 = (Ã+ λI)kx0 =
k∑

m=0

(
k

m

)
λk−mx̃m.

Âðàõîâóþ÷è (55), îòðèìà¹ìî

XN =
N∑
k=0

c
(N)
k

k∑
m=0

(
k

m

)
λk−mx̃m =

N∑
m=0

x̃m

N∑
k=m

c
(N)
k

(
k

m

)
λk−m.

À òîìó çíàìåííèê àïðîêñèìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêó [N − 1/N ] ìîæå áóòè çàïè-

ñàíèé ó âèãëÿäi

Q̃N(z) =
N∑
k=0

c̃
(N)
k zN−k =

N∑
k=0

zN−k

N∑
m=k

c(N)
m

(
k

m

)
λm−k =
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=
N∑

m=0

c(N)
m

m∑
k=0

(
m

k

)
zN−kλm−k = zN

N∑
m=0

(
1

z
+ λ

)m

=

= (1 + λz)N
N∑

m=0

c(N)
m

(
z

1 + λz

)N−m

= (1 + λz)NQN

(
z

1 + λz

)
.

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ i ôîðìóëà (53).

Çàóâàæåííÿ 3. Òâåðäæåííÿ òåîðåìè 8 åêâiâàëåíòíå òâåðäæåííþ òåîðåìè Áåéêåðà, Ãàì-

ìåëÿ òà Óiëëñà ïðî iíâàðiàíòíiñòü äiàãîíàëüíèõ àïðîêñèìàíò Ïàäå ïðè äðîáîâî-ëiíiéíèõ

ïåðåòâîðåííÿõ àðãóìåíòó , íàâåäåíî¨ â [5, c.42�43].

Òåîðåìà 9 [33]. Íåõàé äëÿ ôóíêöi¨

f(z) =
∞∑
k=0

skz
k

iñíó¹ àïðîêñèìàíòà Ïàäå ïîðÿäêó [N − 1/N ], N ≥ 1,

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
.

Òîäi äëÿ ôóíêöi¨

f̃(z) = {((1 + λ11s1)z − λ11s0)f(z) + λ11s
2
0}{(((λ01λ10 − λ00λ11)s1 − λ00)z

2+

+((λ00λ11 − λ01λ10)s0 − λ01 − λ10)z − λ11)f(z)+

+((1 + (λ10 + λ01)s0 + (λ01λ10 − λ00λ11)s
2
0 + λ11s1)z + λ11s0)}−1, (56)

äå λ00, λ01, λ10, λ11 � äåÿêi êîíñòàíòè, òàêi ùî 1+λ10s0+λ11s1 ̸= 0, òàêîæ iñíó¹ àïðîêñèìàíòà

Ïàäå ïîðÿäêó [N−1/N ] i ïðè öüîìó ¨¨ çíàìåííèê Q̃N(z) ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà

ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

Q̃N(z) = QN(z)

{
1 + (λ01 + λ10)s0 + λ11s0

1

z
+ λ11s1 − δs20

}
−

−PN−1(z)

{
λ00z + δs1z + λ01 + λ10 +

λ11
z

− δs0

}
, (57)

äå δ = λ00λ11 − λ01λ10.

Äîâåäåííÿ. Ïîáóäó¹ìî äëÿ ïîñëiäîâíîñòi {sk}∞k=0 óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà

äîáóòêó äåÿêèõ ëiíiéíèõ ïðîñòîðiâ X òà Y

sk+j = ⟨xk, yj⟩ , k, j = 0,∞,

äå xk = Akx0, k = 0,∞, yj = A∗jy0, j = 0,∞, òàê ùî ìàòèìå ìiñöå çîáðàæåííÿ

f(z) =
⟨
R#

z (A)x0, y0
⟩
.

87



Ðîçãëÿíåìî â ïðîñòîði X îïåðàòîð Ã òàêèé, ùî ∀x ∈ X

Ãx = Ax+ ⟨x, λ00y0 + λ01y1⟩ x0 + ⟨x, λ10y0 + λ11y1⟩x1.

Êîðèñòóþ÷èñü ìiðêóâàííÿìè, ùî âèêîðèñòîâóâàëèñü ïðè äîâåäåííi òåîðåìè 7, îòðèìà¹ìî

x̃k = Ãkx0 =
k∑

m=1

dk−mxm + ekx0, k = 0,∞,

i, îòæå,

f̃(z) =
⟨
R#

z (Ã)x0, y0

⟩
=

⟨
∞∑
k=0

x̃kz
k, y0

⟩
=

⟨
∞∑
k=1

zk
k∑

m=1

dk−mxm +
∞∑
k=0

ekz
kx0, y0

⟩
=

=

⟨
D(z)

∞∑
k=1

xmz
k + E(z)x0, y0

⟩
= D(z)

∞∑
k=1

smz
k + s0E(z) = (f(z)− s0)D(z) + s0E(z).

Âðàõîâóþ÷è âèðàçè äëÿ òâiðíèõ ôóíêöié (50) , (51), îòðèìà¹ìî

f̃(z) =
1 + λ10s0 + λ11s1

∆
f(z) + s0

λ11s0 − (λ10z + λ11)f(z)

z∆
=

=
(z + λ11s1z − λ11s0)f(z) + λ11s

2
0

z∆
,

ùî, ÿê ëåãêî ïåðåêîíàòèñü, ñïiâïàäà¹ ç ôîðìóëîþ (56). Ùîá ïîáóäóâàòè àïðîêñèìàíòó

Ïàäå öi¹¨ ôóíêöi¨ ïîðÿäêó [N − 1/N ], ïîòðiáíî ïîáóäóâàòè íåòðèâiàëüíèé óçàãàëüíåíèé

ïîëiíîì

X̃N =
N∑
k=0

c̃
(N)
k x̃k,

ùî çàäîâîëüíÿ¹ óìîâè áiîðòîãîíàëüíîñòi⟨
X̃N , ỹj

⟩
= 0, j = 0, N − 1.

Çãiäíî ç òâåðäæåííÿì òåîðåìè 7 ïðè óìîâi, ùî 1 + λ10s0 + λ11s1 ̸= 0, áóäå ìàòè ìiñöå

çîáðàæåííÿ

X̃N =
n∑

k=0

c
(N)
k x̃k −

N−1∑
m=0

x̃m

N∑
k=m+1

c
(N)
k ×

×{(λ00 + δs1)sk−m−1 + (λ01 + λ10 + δs0)sk−m + λ11sk−m+1}+

+x0

N∑
k=0

c
(N)
k (λ10sk + λ11sk+1),
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à òîìó äëÿ çíàìåííèêà Q̃N(z) àïðîêñèìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêó [N − 1/N ] îòðè-

ìà¹ìî

Q̃N(z) =
N∑
k=0

c̃
(N)
k zN−k =

N∑
k=0

c
(N)
k zN−k−

−
N∑
k=1

c
(N)
k

k−1∑
m=0

zN−m {λ00sk−1−m + (λ01 + λ10)sk−m + λ11sk−m+1}+

+δ
N∑
k=1

c
(N)
k

k−1∑
m=0

zN−m(s0sk−m − s1sk−m−1) + zN
N∑
k=0

c
(N)
k (λ10sk + λ11sk+1) =

= QN(z)

{
1 + (λ01 + λ10)s0 + λ11s0

1

z
+ λ11s1 − δs20

}
−

−PN−1(z)

{
λ00z + δs1z + λ01 + λ10 +

λ11
z

− δs0

}
+

+zN(−λ01 + δs0)
N∑
k=0

c
(N)
k sk − zN−1λ11

N∑
k=0

c
(N)
k sk.

Âðàõîâóþ÷è, ùî
N∑
k=0

c
(N)
k sk =

⟨
N∑
k=0

c
(N)
k xk, y0

⟩
= ⟨XN , y0⟩ = 0

ïðè N ≥ 1, îòðèìà¹ìî ôîðìóëó (57).

Çàóâàæåííÿ 4. Ç òåîðåìè 9 ìîæíà âèâåñòè, ÿê ÷àñòèííèé âèïàäîê, òåîðåìó ïðî ií-

âàðiàíòíiñòü äiàãîíàëüíèõ àïðîêñèìàíò Ïàäå ïðè äðîáîâî-ëiíiéíèõ ïåðåòâîðåííÿõ ôóíê-

öié, íàâåäåíó â [5, c. 44].

Òåîðåìà 10. [31]. Íåõàé äëÿ äåÿêî¨ ôóíêöi¨

f(z) =
∞∑
k=0

skz
k

iñíóþòü ¨¨ àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N +m− 1/N +m], m = 1,M, i íåõàé

ΨM(t) =
M∗∏
m=1

(1 + βmt)
rm =

M∑
m=0

αmt
m

� äåÿêèé àëãåáðà¨÷íèé ìíîãî÷ëåí ñòåïåíi M. Òîäi çíàìåííèê Q̃N(z) àïðîêñèìàíòè Ïàäå

ïîðÿäêó [N − 1/N ] ôóíêöi¨

f̃(z) =
M∑

m=0

αm

f(z)−
m−1∑
j=0

sjz
j

zm
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ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

Q̃N(z) =
1

zMΨM(1
z
)
detUM(z), (58)

äå ìàòðèöÿ UM(z) = ∥uk,j∥Mk,j=1 ñêëàäåíà ç åëåìåíòiâ

uk,j =
dp

dwp
{wjQN+j(w)}

∣∣∣∣
w=−βm

, (59)

ïðè k = 1,M − 1, j = 1,M, m = max

{
l :

l−1∑
n=1

rn ≤ k

}
, p = k −

m∑
n=1

rn, i

uM,j = zjQN+j(z), j = 1,M,

äå QN+j(z), j = 1,M, � çíàìåííèêè àïðîêñèìàíò Ïàäå ôóíêöi¨ f(z) ïîðÿäêiâ [N + j −
1/N + j].

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè âñi βm, m = 1,M∗, ðiçíi ìiæ ñîáîþ,

òîáòî rm = 1, m = 1,M∗, M∗ = M. Ïîáóäó¹ìî äëÿ ïîñëiäîâíîñòi {sk}∞k=0 óçàãàëüíåíå

ìîìåíòíå çîáðàæåííÿ íà äîáóòêó äåÿêèõ ëiíiéíèõ ïðîñòîðiâ X òà Y

sk =
⟨
Akx0, y0

⟩
, k = 0,∞.

Ïiñëÿ öüîãî ðîçãëÿíåìî åëåìåíò ỹ0 ∈ Y âèãëÿäó

ỹ0 =
M∏

m=1

(1 + βmA
∗)y0 =

M∑
m=0

αmA
∗my0.

Íåâàæêî ïåðåêîíàòèñü â òîìó, ùî ìà¹ ìiñöå çîáðàæåííÿ

f̃(z) =
⟨
R#

z (A)x0, ỹ0
⟩
.

À òîìó çíàìåííèê àïðîêñèìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêó [N − 1/N ] ìîæå áóòè çîáðà-

æåíèé ó âèãëÿäi

Q̃N(z) =
N∑
k=0

c̃
(N)
k zN−k,

äå c̃
(N)
k , k = 0, N, � êîåôiöi¹íòè áiîðòîãîíàëüíîãî ïîëiíîìà

X̃N =
N∑
k=0

c̃
(N)
k Akx0

òàêîãî, ùî ⟨
X̃N , ỹj

⟩
= 0, j = 0, N − 1.
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Çãiäíî ç òåîðåìîþ 5 öi êîåôiöi¹íòè ìîæóòü áóòè ïiäðàõîâàíi çà ôîðìóëàìè

c̃
(N)
k =

M+N∑
m=N

γm

k∑
i=0

c
(m)
i

∑
p1+...+pM=k−i

(−β1)p1 · . . . · (−βM)pM ,

äå γm, m = N,M +N, âèçíà÷àþòüñÿ ç ñèñòåì ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü

M+N∑
k=N

γkPk

(
− 1

βm

)
= 0, m = 1,M. (60)

Îòîæ,

Q̃N(z) =
N∑
k=0

zN−k

M+N∑
m=N

γm

k∑
i=0

c
(m)
i

∑
p1+...+pM=k−i

(−β1)p1 · . . . · (−βM)pM =

=
M+N∑
m=N

γm

N∑
i=0

c
(m)
i

N∑
k=i

zN−k
∑

p1+...+pM=k−i

(−β1)p1 · . . . · (−βM)pM =

=
M+N∑
m=N

γm

N∑
i=0

c
(m)
i zN−i

N−i∑
r=0

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

. (61)

Ç (60) ðîáèìî âèñíîâîê, ùî äëÿ áóäü�ÿêèõ ÷èñåë κk, k = N,M +N, áóäåìî ìàòè

M+N∑
k=N

γkκk = C

∣∣∣∣∣∣∣∣∣∣
QN+M(−β1) (−β1)QN+M−1(−β1) . . . (−β1)MQN(−β1)

· · · · · · . . . · · ·
QN+M(−βM) (−βM)QN+M−1(−βM) . . . (−βM)MQN(−βM)

κN+M κN+M−1 . . . κN

∣∣∣∣∣∣∣∣∣∣
.

Òîìó ìíîãî÷ëåí, âèçíà÷åíèé ôîðìóëàìè (58), (59), ìîæå áóòè çàïèñàíèì ó âèãëÿäi

Q̃N(z) =
1

zMΨM(1
z
)

M+N∑
m=N

γmz
N+M−mQm(z). (62)

Ïåðåêîíà¹ìîñü òåïåð, ùî ðiâíîñòi (61) i (62) âèçíà÷àþòü îäèí i òîé æå ìíîãî÷ëåí. Äëÿ

öüîãî äîñèòü âñòàíîâèòè, ùî ðiçíèöÿ ïðàâèõ ÷àñòèí (61) i (62) äîðiâíþ¹ íóëþ.

M+N∑
m=N

γm

N∑
i=0

c
(m)
i zN−i

N−i∑
r=0

∑
p1+···+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

−

− 1

zMΨM(1
z
)

M+N∑
m=N

γmz
N+M−mQN(z) =

=
M+N∑
m=N

γm


(N)∑
i=0

c
(N)
i zN−i

N−i∑
r=0

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

−
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−
M∏
j=1

(z + βj)
−1zN+M−mQm(z)

}
. (63)

Ïåðåòâîðèìî âèðàç ó ôiãóðíèõ äóæêàõ

N∑
i=0

c
(m)
i zN−i

N−i∑
r=0

∑
p1+...+pm=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

−
M∏
j=1

(
1 +

βj
z

)−1

zN−m

m∑
i=0

c
(m)
i zm−i =

=
N∑
i=0

c
(m)
i zN−i

N−i∑
r=0

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

−

−
∞∑
r=0

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM m∑
i=0

c
(m)
i zN−i =

= −
N∑
i=0

c
(m)
i zN−i

∞∑
r=N−i+1

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pM

−

−
m∑

i=N+1

c
(m)
i zN−i

∞∑
r=0

∑
p1+...+pM=r

(
−β1
z

)p1

· . . . ·
(
−βM

z

)pm

. (64)

Ç (64) âèïëèâà¹, ùî â ïðàâié ÷àñòèíi (63) ìiñòÿòüñÿ ëèøå âiä'¹ìíi ñòåïåíi çìiííî¨ z. Îñêiëü-

êè æ âèðàçè (61) òà (62), ðiçíèöåþ ÿêèõ ¹ (63), ¹ àëãåáðà¨÷íèìè ìíîãî÷ëåíàìè ñòåïåíÿ íå

âèùå N, òî ìîæíà çðîáèòè âèñíîâîê, ùî öÿ ðiçíèöÿ äîðiâíþ¹ 0. Öèì çîáðàæåííÿ (58) ó

âèïàäêó, êîëè âñi βm ðiçíi ìiæ ñîáîþ, äîâåäåíå. Ïîøèðåííÿ öüîãî ðåçóëüòàòó íà âèïàäîê

êðàòíèõ βm ïðîâîäèòüñÿ àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñü ïðè äîâåäåííi òåîðåìè 5.

Òåîðåìà 11. Íåõàé äëÿ ôóíêöi¨

f(z) =
∞∑
k=0

skz
k

iñíóþòü òà íåâèðîäæåíi àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ] òà [N − 2/N − 1], N ≥ 2,

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

[N − 2/N − 1]f (z) =
PN−2(z)

QN−1(z)
.

I íåõàé â äåÿêié òî÷öi β ∈ C \ {0}

εN−1(β) =
f(β)QN−1(β)− PN−2(β)

βN−1
̸= 0.

Òîäi äëÿ ôóíêöi¨

f̃(z) =
zf(z)− βf(β)

z − β
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iñíó¹ òà íåâèðîäæåíà àïðîêñèìàíòà Ïàäå ïîðÿäêó [N − 1/N ]. Ïðè öüîìó

[N − 1/N ]f̃ (z) =
P̃N−1(z)

Q̃N(z)
,

äå

P̃N−1(z) =
εN−1(β)

β − z
{βf(β)QN(z)− zPN−1(z)}−

−zεN(β)
β − z

{βf(β)QN−1(z)− zPN−2(z)} ,

Q̃N(z) = εN−1(β)QN(z)− zεN(β)QN−1(z).

Äîâåäåííÿ. Ïîáóäó¹ìî äëÿ ïîñëiäîâíîñòi {sk}∞k=0 óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

âèãëÿäó

sk =
⟨
Akx0, y0

⟩
, k = 0,∞.

Ïîêëàäåìî

x̃0 = (I − βA)−1x0 = R#
β (A)x0.

Ïiäðàõó¹ìî

s̃k =
⟨
Akx̃0, y0

⟩
=
⟨
R#

β (A)x0, A
∗ky0

⟩
=
⟨
R#

β (A)x0, yk

⟩
=

f(β)−
k−1∑
j=0

sjβ
j

βk
.

Äàëi ìàòèìåìî

f̃(z) =
∞∑
k=0

s̃kz
k =

∞∑
k=0

f(β)−
k−1∑
j=0

sjβ
j

βk
zk =

∞∑
k=0

∞∑
j=k

sjβ
j−kzk =

=
∞∑
j=0

sj

j∑
k=0

βj−kzk =
∞∑
j=0

sj
βj+1 − zj+1

β − z
=
zf(z)− βf(β)

z − β
.

Ç âðàõóâàííÿì òåîðåìè 6 áiîðòîãîíàëüíèé ïîëiíîì ỸN , íåîáõiäíèé äëÿ ïîáóäîâè àïðîêñè-

ìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêó [N − 1/N ], ìîæå áóòè çàïèñàíèé ó âèãëÿäi

ỸN = εN−1(β)YN − εN(β)YN−1,

àáî æ
N∑
j=0

c̃
(N)
j yj =

N−1∑
j=0

{
εN−1(β)c

(N)
j − εN(β)c

(N−1)
j

}
yj + εN−1(β)c

(N)
N yN .

Çâiäñè ìà¹ìî

c̃
(N)
j = εN−1(β)c

(N)
j − εN(β)c

(N−1)
j , j = 0, N − 1,
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c̃
(N)
N = εN−1(β)c

(N)
N .

Ïîðàõó¹ìî òåïåð çíàìåííèê àïðîêñèìàíòè Ïàäå ôóíêöi¨ f̃(z) ïîðÿäêó [N − 1/N ]

Q̃N(z) =
N∑
j=0

c̃
(N)
j zN−j =

N−1∑
j=0

{
εN−1(β)c

(N)
j − εN(β)c

(N−1)
j

}
zN−j + εN−1(β)c

(N)
N =

= εN−1(β)QN(z)− εN(β)zQN−1(z).

Ïiäðàõó¹ìî ÷èñåëüíèê

P̃N−1(z) =
N∑
j=1

c̃
(N)
j zN−j

j−1∑
m=0

s̃mz
m. (65)

Ñïî÷àòêó îá÷èñëèìî îêðåìî

j−1∑
m=0

s̃mz
m =

j−1∑
m=0

f(β)−
m−1∑
p=0

spβ
p

βm
zm =

j−1∑
m=0

∞∑
p=m

spβ
p−mzm =

=

j−1∑
m=0

{
j−1∑
p=m

spβ
p−m +

∞∑
p=j

spβ
p−m

}
zm =

j−1∑
p=0

smβ
m

p∑
m=0

(
z

β

)m

+
∞∑
p=j

spβ
p

(
z

β

)m

=

=

j−1∑
p=0

smβ
m
1− ( z

β
)m+1

1− z
β

+
∞∑
p=j

spβ
p
1− ( z

β
)j

1− z
β

=

=
1

β − z

j−1∑
p=0

sp(β
p+1 − zp+1) +

1

β − z

∞∑
p=j

spβ
p−j+1(βj − zj) =

=
1

β − z

{
βf(β)− β

(
z

β

)j

f(β) + β

(
z

β

)j j−1∑
m=0

smβ
m − z

j−1∑
m=0

smz
m

}
. (66)

Ïiäñòàâëÿþ÷è (66) â (65), îòðèìà¹ìî

P̃N−1(z) = εN−1(β)
N∑
j=0

c
(N)
j zN−j 1

β − z
×

×

{
βf(β)− β

(
z

β

)j

f(β) + β

(
z

β

)j j−1∑
m=0

smβ
m − z

j−1∑
m=0

smz
m

}
−

−εN(β)
N∑
j=0

c
(N−1)
j zN−j 1

β − z

{
βf(β)− β

(
z

β

)j

f(β) + β

(
z

β

)j j−1∑
m=0

smβ
m − z

j−1∑
m=0

smz
m

}
=

=
εN−1(β)

β − z

{
βf(β)QN(z)− zPN−1(z)− β

(
z

β

)N

εN(β)β
N

}
−
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−εN(β)
β − z

{
zβf(β)QN−1(z)− z2PN−2(z)− β2

(
z

β

)N

εN−1(β)β
N−1

}
=

=
εN−1(β)

β − z
{βf(β)QN(z)− zPN−1(z)} −

εN(β)

β − z

{
zβf(β)QN−1(z)− z2PN−2

}
.
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Ð Î Ç Ä I Ë 4

ÏÎÁÓÄÎÂÀ ÒÀ ÄÎÑËIÄÆÅÍÍß ÀÏÐÎÊÑÈÌÀÖIÉ ÏÀÄÅ

ÅËÅÌÅÍÒÀÐÍÈÕ ÒÀ ÑÏÅÖIÀËÜÍÈÕ ÔÓÍÊÖIÉ

� 1. Àïðîêñèìàöi¨ Ïàäå äåÿêèõ ãiïåðãåîìåòðè÷íèõ ôóíêöié

Íà îñíîâi óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, ïîáóäîâàíèõ â òåîðåìi 2.1, ìîæíà âñòà-

íîâèòè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
ez − 1

z
(1)

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

(−1)k
(
N

k

)
(k +N)!zN−k, (2)

PN−1(z) = 2(−1)N
[(N−1)/2]∑

m=0

(
N

2m+ 1

)
(2N − 2m− 1)!z2m. (3)

Äîâåäåííÿ. Äëÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ (1) íàìè

ïîáóäîâàíå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ (2.5) íà äîáóòêó ïðîñòîðiâ L[0, 1]× C[0, 1].

Çãiäíî ç òåîðåìîþ 1.1 öå íàäà¹ íàì ìîæëèâiñòü áóäóâàòè åëåìåíòè ïåðøî¨ ïiääiàãîíàëi

òàáëèöi Ïàäå äëÿ ôóíêöi¨ (1) â òåðìiíàõ áiîðòîãîíàëüíèõ ïîëiíîìiâ

XN(t) =
N∑
k=0

c
(N)
k

tk

k!
, (4)

ùî ìàþòü âëàñòèâîñòi
1∫

0

XN(t)
(1− t)j

j!
dt = 0, j = 0, N − 1.

Âðàõîâóþ÷è òîé ôàêò, ùî áiîðòîãîíàëiçîâóâàòè ïîòðiáíî ïîñëiäîâíîñòi ôóíêöié, ùî ¹ àë-

ãåáðà¨÷íèìè ìíîãî÷ëåíàìè ñòåïåíiâ k òà j âiäïîâiäíî, áà÷èìî, ùî øóêàíèé áiîðòîãîíàëü-

íèé ïîëiíîì ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ñïiâïàäà¹ çi çñóíåíèì îðòîíîðìîâàíèì

íà [0, 1] ìíîãî÷ëåíîì Ëåæàíäðà L∗
N(t) (äèâ.[98, ñ.580]). Êîðèñòóþ÷èñü ôîðìóëîþ Ðîäðiãà

(äèâ. [100, ñ.54]), îòðèìà¹ìî çîáðàæåííÿ

L∗
N(t) = γN

dN

dtN
{tN(1− t)N} = γN

N∑
k=0

(
N

k

)
(−1)k(k +N)(k +N − 1) · . . . · (k + 1)tk =
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= γN

N∑
k=0

(−1)k
(
N

k

)
(k +N)!

k!
tk.

Âðàõîâóþ÷è (4), ìà¹ìî

c
(N)
k = (−1)k

(
N

k

)
(k +N)!.

Îòîæ, çíàìåííèê àïðîêñèìàíòè Ïàäå ôóíêöi¨ (1) ïîðÿäêó [N−1/N ] ìîæå áóòè çàïèñàíèì

ó âèãëÿäi (2). Ïåðåêîíà¹ìîñÿ òåïåð â ñïðàâåäëèâîñòi ôîðìóëè äëÿ ÷èñåëüíèêà. Ìè ìà¹ìî

PN−1(z) =
N∑
k=1

(−1)k
(
N

k

)
(k +N)!zN−k

k−1∑
j=0

zj

(j + 1)!
=

=
N−1∑
m=0

zm
m∑
k=0

(−1)N−k

(
N

k

)
(2N − k)!

(m− k + 1)!
=

=
N−1∑
m=0

zm
m∑
k=0

(−1)N−k

(
m+ 1

k

)
N !(2N − k)!

(N − k)!(m+ 1)!
.

Ïîçíà÷èìî

pm =
m∑
k=0

(−1)N−k

(
m+ 1

k

)
N !(2N − k)!

(N − k)!(m+ 1)!
,

αk =

{ (
2N−k
N

)
, k = 0, N,

0, â ïðîòèëåæíîìó âèïàäêó .

Ðîçãëÿíåìî òâiðíó ôóíêöiþ

A(z) =
∞∑
k=0

αkz
k

k!
.

Ïiäðàõó¹ìî
∞∑

m=0

zm

m!

m∑
k=0

(−1)k
(
m

k

)
αk =

∞∑
k=0

(−1)kαk

∞∑
m=k

zm

m!

(
m

k

)
=

=
∞∑
k=0

(−1)kαk

k!

∞∑
m=0

zm+k

(m+ k)!

(m+ k)!

m!
= A(−z)ez.

Ç iíøîãî áîêó,

A(z) =
∞∑
k=0

αkz
k

k!
=

N∑
k=0

(
2N − k

N

)
zk

k!
=

=
N∑
k=0

(2N − k)!

N !(N − k)!

zk

k!
=

1

(N !)2

N∑
k=0

(
N

k

)
(2N − k)!zk =

=
1

(N !)2

N∑
k=0

(
N

k

) ∞∫
0

e−uu2N−kduzk =
1

(N !)2

∞∫
0

e−uu2N

N∑
k=0

(
N

k

)
z

u

k

du =
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=
1

(N !)2

∞∫
0

e−uu2N
(
1 +

z

u

)N
du =

1

(N !)2

∞∫
0

e−uuN(z + u)Ndu.

Âèêîíà¹ìî çàìiíó z + u = t. Îòðèìà¹ìî

A(z) =
1

(N !)2

∞∫
z

e−t+z(t− z)N tNdt =
ez

(N !)2

∞∫
z

e−t(t− z)N tNdt =

=
ez

(N !)2


∞∫
0

e−t(t− z)N tNdt−
z∫

0

e−t(t− z)N tNdt

 =

= ez

A(−z)− 1

(N !)2

z∫
0

e−t(t− z)N tNdt

 .

Òàêèì ÷èíîì,

∞∑
m=0

zm

m!

m∑
k=0

(−1)k
(
m

k

)
αk = A(z)− 1

(N !)2

−z∫
0

e−t(t+ z)N tNdt.

Î÷åâèäíî, ùî

1

(N !)2

−z∫
0

e−t(t+ z)N tNdt = O
(
zN+1

)
ïðè z → ∞. Îòæå,

1

m!

m∑
k=0

(−1)k
(
m

k

)
αk =

αm

m!

ïðè m = 0, N, òîáòî
m∑
k=0

(−1)k
(
m

k

)(
2N − k

N

)
=

(
2N −m

N

)
ïðè m = 0, N, àáî æ

m−1∑
k=0

(−1)k
(
m

k

)(
2N − k

N

)
=

(
2N −m

N

)
(1− (−1)m),

i, îòæå,

pm =
m∑
k=0

(−1)N−k

(
m+ 1

k

)
N !(2N − k)!

(N − k)!(m+ 1)!
=

= (−1)N
(N !)2

(m+ 1)!

m∑
k=0

(−1)k
(
m+ 1

k

)(
2N − k

N

)
=
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= (−1)N
(N !)2

(m+ 1)!

(
2N −m− 1

N

)
(1− (−1)m+1) =

(−1)NN !(2N −m− 1)!

(N −m− 1)!(m+ 1)!
(1− (−1)m+1) =

= (−1)N
(

N

m+ 1

)
(2N −m− 1)!(1− (−1)m+1),

çâiäêè i âèïëèâà¹ ôîðìóëà (3).

Àïðîêñèìàíòè Ïàäå åêñïîíåíòè áóëè ïîáóäîâàíi ùå Ø. Åðìiòîì [173] i íàäàëi âèâ-

÷àëèñÿ öiëèì ðÿäîì äîñëiäíèêiâ [91,218-221,231]. Â.Ê. Äçÿäèêîì òà Ë.I. Ôiëîçîôîì [55]

äëÿ ïîáóäîâè öèõ àïðîêñèìàíò áóëî âèêîðèñòàíî àïðîêñèìàöiéíèé ìåòîä íàáëèæåíîãî

ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêèé ñòàâ îäíi¹þ ç âiäïðàâíèõ òî÷îê ñòâîðåííÿ

ìåòîäó óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü.

Àíàëîãi÷íî, êîðèñòóþ÷èñü òåîðåìîþ 2.2, ìîæíà âñòàíîâèòè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
1F1(1; ν + 1; z)− 1

z
, ν > −1, (5)

ïîðÿäêiâ [N − 1/N ], n ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

(−1)k
(
N

k

)
(ν + 1)N+kz

N−k, (6)

PN−1(z) =
N−1∑
k=0

(−1)kzk
k∑

m=0

(
N

m

)
(ν + 1)2N−m

(ν + 1)k−m+1

. (7)

Äîâåäåííÿ. Ðîçãëÿíåìî ïîáóäîâàíå â �1 ðîçäiëó 2 óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk+j =

1∫
0

tk+ν

(ν + 1)k
· (1− t)j

j!
dt, k, j = 0,∞,

äëÿ ïîñëiäîâíîñòi sk = 1
(ν+1)k+1

, k = 0,∞, êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ (5).

Ùîá ïîáóäóâàòè ïåðøó ïiääiàãîíàëü òàáëèöi Ïàäå öi¹¨ ôóíêöi¨, íåîáõiäíî ïîáóäóâàòè áiîð-

òîãîíàëüíi ïîëiíîìè âèãëÿäó

XN(t) =
N∑
k=0

c
(N)
k

tk+ν

(ν + 1)k
,

ùî ìàþòü âëàñòèâîñòi
1∫

0

XN(t)
(1− t)j

j!
dt = 0, j = 0, N − 1.
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Ëåãêî ïåðåêîíàòèñÿ, ùî øóêàíi áiîðòîãîíàëüíi ïîëiíîìè ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

XN(t) = γN t
νR

(ν,0)∗
N (t),

äå R
(ν,0)∗
N (t) - çñóíåíi îðòîíîðìîâàíi íà [0, 1] ç âàãîþ tνdt ìíîãî÷ëåíè ßêîái (äèâ. [98, ñ.580]).

Êîðèñòóþ÷èñü ôîðìóëîþ Ðîäðiãà, îòðèìà¹ìî çîáðàæåííÿ

XN(t) = γN
dN

dtN
{tN+ν(1− t)N} =

= γN

N∑
k=0

(
N

k

)
(−1)k(k +N + ν)(k +N + ν − 1) · . . . · (k + ν + 1)tk+ν =

= γN

N∑
k=0

(−1)k
(
N

k

)
(ν + 1)N+k

(ν + 1)k
tk+ν .

Âðàõîâóþ÷è (6), ìà¹ìî

c
(N)
k = (−1)k

(
N

k

)
(ν + 1)N+k.

Îòîæ, çíàìåííèê òà ÷èñåëüíèê àïðîêñèìàíòè Ïàäå ôóíêöi¨ (5) ïîðÿäêó [N−1/N ] ìîæóòü

áóòè çàïèñàíi ó âèãëÿäi (6), (7).

Àïðîêñèìàíòè Ïàäå âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ 1F1(1; ν+1; z) áóëè ïîáóäî-

âàíi Ã.âàí Ðîññóìîì [214] i äîñëiäæóâàëèñÿ, çîêðåìà â ðîáîòàõ [76,129-131,200]. Ïîáóäîâà

öèõ àïðîêñèìàíò ç âèêîðèñòàííÿì óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü çäiéñíåíà â [17].

Òåîðåìà 3 [20]. Íåõàé ôóíêöiÿ φ0(t) ∈ C[0, 1] ¹ òàêîþ, ùî äëÿ áóäü-ÿêîãî àëãåáðà¨÷íîãî

ìíîãî÷ëåíà p(t), deg p(t) ≤ N, óçàãàëüíåíèé ïîëiíîì

AN(t) =
d

dt

t∫
0

p(t− τ)φ0(τ)dτ

ìà¹ íå áiëüøå, íiæ N, êîðåíiâ íà (0, 1). Òîäi äëÿ àíàëiòè÷íî¨ ôóíêöi¨ f(z), ùî âèçíà÷à¹òüñÿ

çîáðàæåííÿì

f(z) =

1∫
0

φ0(t)e
z(1−t)dt, (9)

¨¨ àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ], N ≥ 1, iñíóþòü i çáiãàþòüñÿ äî f(z) ðiâíîìiðíî

íà êîæíîìó êîìïàêòi êîìïëåêñíî¨ ïëîùèíè.

Äîâåäåííÿ. Ðîçãëÿíåìî â ïðîñòîði C[0, 1] ëiíiéíèé íåïåðåðâíèé îïåðàòîð

(Aφ)(t) =

t∫
0

φ(τ)dτ.
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Âðàõîâóþ÷è òåîðåìó 2.1, íåâàæêî âïåâíèòèñü, ùî äëÿ ôóíêöi¨ f(z), âèçíà÷åíî¨ ôîðìóëîþ

(9), ìà¹ ìiñöå çîáðàæåííÿ

f(z) =

1∫
0

(R#
z (A)φ0)(t)dt.

Ç óìîâ, íàêëàäåíèõ íà ôóíêöiþ φ0(t), âèïëèâà¹, ùî ñèñòåìà ôóíêöié {φk(t)}Nk=0 =

{(Akφ0)(t)}Nk=0 ¹ ÷åáèøîâñüêîþ íà (0, 1) ïðè êîæíîìó N = 0,∞. Öå äîçâîëÿ¹ íàì ñêî-

ðèñòàòèñÿ òåîðåìîþ 3.3. Çãiäíî ç íåþ ïîëiíîì

YN(t) =
N∑
j=0

c
(N)
j

(1− t)j

j!
,

ùî âîëîäi¹ âëàñòèâîñòÿìè áiîðòîãîíàëüíîñòi

1∫
0

φk(t)YN(t)dt = 0, k = 0, N − 1,

iñíó¹ i âñi éîãî N íóëiâ ðîçòàøîâàíi íà iíòåðâàëi (0, 1). Òå æ ñàìå ìîæíà ñêàçàòè i ïðî

ïîëiíîìè

ỸN(t) = YN(1− t) =
N∑
j=0

c
(N)
j

tj

j!
.

Ðîçãëÿíåìî òåïåð àëãåáðà¨÷íèé ìíîãî÷ëåí

FN(t) =
N∑
j=0

N !

(N − j)!
zj.

Î÷åâèäíî,

et − tNFN(1/t)

N !
= et −

N∑
k=0

tk

k!
=

∞∑
k=N+1

tk

k!
.

Äëÿ áóäü-ÿêîãî êîìïàêòó K ⊂ C i ∀ε > 0 ∃N0 ∈ N òàêå, ùî ∀N ≥ N0∥∥∥∥et − tNFN(1/t)

N !

∥∥∥∥
C(K)

< ε.

Âèáèðàþ÷è ε < exp{min
t∈K

ℜt}, áà÷èìî, ùî çãiäíî ç òåîðåìîþ Ðóøå [68, ñ.425] ∀N ≥ N0

ìíîãî÷ëåí
tNFN(1/t)

N !

íå ìàòèìå æîäíîãî íóëÿ íà êîìïàêòiK, à îòæå, ïîëiíîì FN(t) íå ìàòèìå íóëiâ íà ìíîæèíi

K−1 = {z = t−1 : t ∈ K}. Äëÿ ïðîñòîòè áóäåìî ââàæàòè K = KR = {t : |t| ≤ R}, òîäi
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K−1 = {z : |z| ≥ 1/R}. Â öüîìó ðàçi âñi N íóëiâ ìíîãî÷ëåíà FN(t) áóäóòü ðîçòàøîâàíi

âñåðåäèíi êðóãà K1/R. Ã. Ñåãå âñòàíîâèâ íàñòóïíèé ðåçóëüòàò (äèâ.[79, ñ.75]).

Òåîðåìà 4. Íåõàé âñi íóëi àëãåáðà¨÷íîãî ìíîãî÷ëåíà

FN(z) =
N∑
k=0

ak

(
N

k

)
zk

ëåæàòü â êðóãîâié îáëàñòi K, à íóëi àëãåáðà¨÷íîãî ìíîãî÷ëåíà

GN(z) =
N∑
k=0

bk

(
N

k

)
zk

äîðiâíþþòü β1, β2, . . . , βN . Òîäi êîæåí íóëü γ ìíîãî÷ëåíà HN(z), ùî ¹ êîìïîçèöi¹þ ìíîãî-

÷ëåíiâ FN(z) òà GN(z)

HN(z) =
N∑
k=0

akbk

(
N

k

)
zk

ìà¹ âèãëÿä

γ = −βνκ,

äå ν - íàëåæíèì ÷èíîì âèáðàíèé iíäåêñ (ν = 1, N), à κ - íàëåæíèì ÷èíîì îáðàíà òî÷êà ç

K.

Âðàõîâóþ÷è, ùî âñi íóëi FN(t) ëåæàòü â K1/R, à âñi íóëi ỸN(t) ðîçòàøîâàíi íà (0, 1), íà

îñíîâi òåîðåìè 4 ðîáèìî âèñíîâîê, ùî âñi íóëi ìíîãî÷ëåíà

HN(t) =
N∑
j=0

c
(N)
j

1

j!

N !

(N − j)!

j!(N − j)!

N !
tj =

N∑
j=0

c
(N)
j tj

ëåæàòü â êðóçi K1/R. Àëå çãiäíî ç (1.17) çíàìåííèê QN(Z) àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) ïîðÿäêó [N − 1/N ] ìà¹ âèãëÿä

QN(z) =
N∑
j=0

c
(N)
j zN−j = zNHN(1/z).

À òîìó âñi êîðåíi çíàìåííèêà QN(z) ëåæàòü ïîçà êðóãîìKR. Îòîæ, äëÿ êîæíîãî êîìïàêòà

K ⊂ C, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà N0 ∈ N, âñi çíàìåííèêè àïðîêñèìàíò Ïàäå ôóíêöi¨

f ïîðÿäêiâ [N − 1/N ], n ≥ N0, íå ìàòèìóòü êîðåíiâ íà K. Âiçüìåìî òåïåð äîâiëüíå R > 0

i âèáåðåìî N0 òàêèì ÷èíîì, ùîá ∀N ≥ N0 íóëi çíàìåííèêiâ àïðîêñèìàíò Ïàäå ôóíêöi¨ f

ïîðÿäêiâ [N − 1/N ], N ≥ N0, ëåæàëè ïîçà êðóãîì K2R. Ðîçãëÿíåìî ïîõèáêó àïðîêñèìàöi¨

â êðóçi KR. Çãiäíî ç (1.21) âîíà ìàòèìå çîáðàæåííÿ

f(z)− [N − 1/N ]f (z) =
z2N

QN(z)

1∫
0

(R#
z (A)φN)(t)YN(t)dt.
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Âðàõîâóþ÷è ôîðìóëó äëÿ ðåçîëüâåíòíî¨ ôóíêöi¨ (2.2), ìà¹ìî

(R#
z (A)φN)(t) =

t∫
0

(t− τ)N−1

(N − 1)!

φ0(τ) + z

τ∫
0

φ0(u)e
z(τ−u)du

 dτ.

Îñêiëüêè YN(t) ìà¹ âñi êîðåíi íà (0, 1), òî éîãî ìîæíà çàïèñàòè ó âèãëÿäi

YN(t) = c
(N)
N

N∏
j=1

(t− tj),

äå tj ∈ (0, 1), j = 0, N. Îñêiëüêè QN(z) ìà¹ âñi êîðåíi ïîçà K2R, òî éîãî ìîæíà çîáðàçèòè

ó âèãëÿäi

QN(z) = c
(N)
N

N∏
j=1

(
1− z

zj

)
,

äå |zj| > 2R, j = 1, N. Îòðèìà¹ìî îöiíêó

|f(z)− [N − 1/N ]f (z)| ≤
|z|N

|c(N)
N |

N∏
j=1

|1− z
zj
|
|c(N)

N ||z|N 1

(N + 1)!

(
M + |z|Me|ℜz|) ,

äå M = sup
t∈[0,1]

|φ0(t)|. Äàëi, î÷åâèäíî, ìàòèìåìî

∥f(z)− [N − 1/N ]f (z)∥C(KR) ≤
(2R2)N

(N + 1)!
M
(
1 +ReR

)
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 1. Ç òåîðåìè 3, çîêðåìà, âèïëèâà¹ çáiæíiñòü àïðîêñèìàíò Ïàäå ïîðÿäêiâ

[N − 1/N ] ôóíêöié (1) òà (5).

Â �1 ðîçäiëó 2 ìè ïîáóäóâàëè äëÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó

ôóíêöi¨

f(z) =
1

ν + 12
F1(κ+ ν + 1, 1; ν + 2; z) =

∞∑
k=0

(κ+ ν)k
(ν + 1)k+1

(11)

óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk+j =
(κ+ ν)k+j

(ν + 1)k+j+1

=

1∫
0

(κ+ ν + 1)k
(ν + 1)k

tk+ν ·
j∑

m=0

(−κ+ 1)m(κ)j−m

m!(j −m)!
tmdt, k, j = 0,∞.

Êîðèñòóþ÷èñü öèì çîáðàæåííÿì, ìè ìîæåìî ïîáóäóâàòè àïðîêñèìàíòè Ïàäå ôóíêöi¨ (11)

ïîðÿäêiâ [N − 1/N ], N ≥ 1.
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Òåîðåìà 5. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
1

ν + 12
F1(κ+ ν + 1, 1; ν + 2; z),

ν > −1, ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

(−1)k
(
N

k

)
(ν + 1)N+k

(κ+ ν + 1)k
zN−k,

PN−1(z) = (κ+ ν)
N−1∑
j=0

zj
j∑

m=0

(−1)N−m

(
N

m

)
(ν + 1)2N−m

(κ+ ν + j −m)N−j+1

.

Äîâåäåííÿ. Ðîçãëÿíåìî áiîðòîãîíàëüíi ïîëiíîìè âèãëÿäó

XN(t) =
N∑
k=0

c
(N)
k

(κ+ ν + 1)k
(ν + 1)k

tk+ν ,

ùî ìàþòü âëàñòèâîñòi

1∫
0

XN(t)

j∑
m=0

(−κ+ 1)m(κ)j−m

m!(j −m)!
tmdt = 0, j = 0, N − 1.

Î÷åâèäíî, ïîëiíîìè XN(t) ç òî÷íiñòþ äî ïîñòiéíèõ ìíîæíèêiâ áóäóòü ñïiâïàäàòè ç ïîëi-

íîìàìè (9). Îòîæ, êîåôiöi¹íòè çíàìåííèêiâ ïîëiíîìiâ Ïàäå ôóíêöi¨ (11) ìîæóòü áóòè

çàïèñàíi ó âèãëÿäi

c
(N)
k = (−1)k

(
N

k

)
(ν + 1)N+k

(κ+ ν + 1)k
.

À çíà÷èòü, çíàìåííèêè òà ÷èñåëüíèêè àïðîêñèìàíò Ïàäå ôóíêöi¨ (11) ïîðÿäêiâ [N − 1/N ]

ìàòèìóòü çîáðàæåííÿ

QN(z) =
N∑
k=0

(−1)k
(
N

k

)
(ν + 1)N+k

(κ+ ν + 1)k
zN−k,

PN−1(z) =
N∑
k=1

(−1)k
(
N

k

)
(ν + 1)N+k

(κ+ ν + 1)k
zN−k

k−1∑
j=0

(κ+ ν)j
(ν + 1)j+1

zj =

= (κ+ ν)
N−1∑
j=0

zj
j∑

m=0

(−1)N−m

(
N

m

)
(ν + 1)2N−m

(κ+ ν + j −m)N−j+1

.
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Àïðîêñèìàíòè Ïàäå ôóíêöi¨ (11) áóëè ïîáóäîâàíi À. Ïàäå [213]. Àñèìïòîòè÷íà ïîâåäiíêà

ïîõèáêè àïðîêñèìàöi¨ áóëà äîñëiäæåíà Þ. Ëþêîì [66,199]. Âiäïîâiäíi ðåçóëüòàòè ç âèêî-

ðèñòàííÿì óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü áóëè îòðèìàíi â [17,23].

� 2. Àïðîêñèìàöi¨ Ïàäå ôóíêöié òèïó Ìiòòàã-Ëåôôëåðà

Â �1 ðîçäiëó 2 íàìè òàêîæ áóëî ïîáóäîâàíå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk+j =
1

Γ
(

k+j
ρ

+ ν1 + ν2 + 2
) =

=

1∫
0

tk/ρ+ν1

Γ(k/ρ+ ν1 + 1)
· (1− t)j/ρ+ν2

Γ(j/ρ+ ν2 + 1)
dt, k, j = 0,∞, (12)

äëÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨ òèïó Ìiòòàã-Ëåôôëåðà

f(z) =
∞∑
k=0

skz
k = Eρ(z; ν1 + ν2 + 2) =

∞∑
k=0

zk

Γ(k/ρ+ ν1 + ν2 + 2)

ïðè ν1, ν2 > −1.

Òåîðåìà 6 [18,20]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨ f(z) = Eρ(z; ν), ν > 0, 0 < ρ ≤ 1, ïî-

ðÿäêiâ [N − 1/N ], N ≥ 1, çáiãàþòüñÿ äî f(z) ðiâíîìiðíî íà êîæíîìó êîìïàêòi êîìïëåêñíî¨

ïëîùèíè.

Äîâåäåííÿ. Âèáåðåìî ν1, ν2 > −1 òàê, ùîá ν = ν1 + ν2 + 2 > 0. Ñêîðèñòà¹ìîñÿ òåïåð

óçàãàëüíåíèì ìîìåíòíèì çîáðàæåííÿì (12). Îñêiëüêè ñèñòåìè ôóíêöié{
tk/ρ+ν1

Γ(k/ρ+ ν1 + 1)

}∞

k=0

òà

{
(1− t)j/ρ+ν2

Γ(j/ρ+ ν2 + 1)

}∞

j=0

¹ ÷åáèøîâñüêèìè íà (0, 1), òî çãiäíî ç òåîðåìîþ 3.3 óçàãàëüíåíèé ïîëiíîì

XN(t) =
N∑
k=0

c
(N)
k

tk/ρ+ν1

Γ(k/ρ+ ν1 + 1)
,

ùî âèçíà÷à¹òüñÿ óìîâàìè áiîðòîãîíàëüíîñòi

1∫
0

XN(t)
(1− t)j/ρ+ν2

Γ(j/ρ+ ν2 + 1)
dt = 0, j = 0, N − 1,

iñíó¹ i âñi éîãî N íóëiâ ðîçòàøîâàíi íà iíòåðâàëi (0, 1). Òå æ ñàìå ìîæíà ñêàçàòè i ïðî

àëãåáðà¨÷íèé ìíîãî÷ëåí

X̃N(t) =
N∑
k=0

c
(N)
k

tk

Γ(k/ρ+ ν1 + 1)
.
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Âðàõîâóþ÷è òåîðåìó 4, ðîáèìî âèñíîâîê, ùî äëÿ òîãî, ùîá â êîæíîìó êðóçi KR = {z :

|z| ≤ R} áóëè âiäñóòíiìè íóëi çíàìåííèêiâ QN(z) àïðîêñèìàíò Ïàäå ôóíêöi¨ f(z) ïîðÿäêiâ

[N − 1/N ], ïî÷èíàþ÷è ç äåÿêîãî N0 ∈ N, äîñòàòíüî, ùîá â öüîìó êðóçi íå áóëî íóëiâ

ìíîãî÷ëåíiâ

Q̃N(z) =
N∑
k=0

zN−kΓ(k/ρ+ ν1 + 1)N !

k!(N − k)!
(−1)k =

= (−1)NΓ(N/ρ+ ν1 + 1)

{
1 +

N∑
k=1

(−z)k
Γ(N−k

ρ
+ ν1 + 1)

Γ(N
ρ
+ ν1 + 1)

N !

k!(N − k)!

}
. (13)

Îöiíèìî îñòàííþ ñóìó, êîðèñòóþ÷èñü ôîðìóëîþ Ñòiðëiíãà (äèâ. [107, ñ.117]):∣∣∣∣∣
N∑
k=1

(−z)k
Γ(N−k

ρ
+ ν1 + 1)

Γ(N
ρ
+ ν1 + 1)

N !

k!(N − k)!

∣∣∣∣∣ ≤
≤ C

N∑
k=1

| − z|kek
1−ρ
ρ

(N + 1)−N 1−ρ
ρ

−ν1

(N − k + 1)−(N−k) 1−ρ
ρ

−ν1

ρ
k
ρ

k!
≤

≤ C
N∑
k=1

Rkek
1−ρ
ρ
ρ

k
ρ

k!

(1− k
N+1

)N
1−ρ
ρ

−ν1

(N − k + 1)k
1−ρ
ρ

≤

≤ C

[N/2]∑
k=1

σk

k!

1

(N/2 + 1)
1−ρ
ρ

+ C

∞∑
[N/2]+1

σk

k!

(
1

2

)N 1−ρ
ρ

≤

≤ C1

(N + 1)
1−ρ
ρ

+
C2

2N
1−ρ
ρ

→ 0 (14)

ïðè N → ∞. Ç çîáðàæåííÿ (13) i îöiíêè (14) âèïëèâà¹, ùî, ïî÷èíàþ÷è ç äåÿêîãî N0 ∈ N,
â êðóçi KR íå áóäå æîäíîãî íóëÿ ìíîãî÷ëåíà Q̃N(z), à îòæå, i çíàìåííèêà QN(z) àïðîê-

ñèìàíòè Ïàäå ôóíêöi¨ f(z) ïîðÿäêó [N − 1/N ]. Çàïèøåìî òåïåð ôîðìóëó äëÿ ïîõèáêè

àïðîêñèìàöi¨

f(z)− [N − 1/N ]f (z) =
zN

QN(z)

1∫
0

XN(t)
∞∑

j=N

zj
(1− t)j/ρ+ν2

Γ(j/ρ+ ν2 + 1)
dt. (15)

Äiþ÷è àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñÿ ïðè äîâåäåííi òåîðåìè 3, âèáåðåìî N0 òàê, ùîá

∀N ≥ N0 âñi íóëi çíàìåííèêiâ QN(z) ëåæàëè ïîçà êðóãîì K2R, i îöiíèìî ïîõèáêó (15) äëÿ

z ∈ KR

|f(z)− [N − 1/N ]f (z)| ≤

≤ |z|2N

|c(N)
N |

N∏
j=1

|1− z
zj
|
|c(N)

N | 1

Γ(N
ρ
+ ν2 + 1)

∞∑
j=0

|z|j
Γ(N

ρ
+ ν2 + 1)

Γ(N+j
ρ

+ ν2 + 2)
≤
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≤ (2R2)N

Γ(N
ρ
+ ν2 + 1)

∞∑
j=0

|z|j 1

Γ( j
ρ
+ 1)

1∫
0

t
j
ρ (1− t)

N
ρ
+ν2dt ≤≤ (2R2)N

Γ(N
ρ
+ ν2 + 2)

Eρ(|z|; 1),

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 2. Çáiæíiñòü ðÿäêiâ òàáëèöi Ïàäå äëÿ ôóíêöi¨ Ìiòòàã-Ëåôôëåðà äîâåäåíà

â [194].

� 3. Àïðîêñèìàöi¨ Ïàäå äåÿêèõ áàçèñíèõ ãiïåðãåîìåòðè÷íèõ ðÿäiâ

Â �2 ðîçäiëó 2 ìè ïîáóäóâàëè óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk+j =
1

(k + j + 1)q!
=

1∫
0

t(k+1)q−1

kq
·

j∑
m=0

(−1)m
qm(m−1)/2

mq!(j −m)q!
tmqq−m

dt, k, j = 0,∞,

äëÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ ñòåïåíåâîãî ðîçêëàäó ôóíêöi¨

f(z) =
Eq(z)− 1

z
, (16)

äå Eq(z) - q-àíàëîã åêñïîíåíòè. Ùîá ïîáóäóâàòè àïðîêñèìàíòè Ïàäå ôóíêöi¨ f(z) ïî-

ðÿäêiâ [N − 1/N ], N ≥ 1, íàì íåîáõiäíî áiîðòîãîíàëiçóâàòè ôóíêöiîíàëüíi ïîñëiäîâíîñòi{
t(k+1)q−1

}∞
k=0

òà
{
tjqq

−j
}∞

j=0
. Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò, ÿêèé ìîæíà òðàêòóâàòè ÿê

óçàãàëüíåííÿ ôîðìóëè Ðîäðiãà äëÿ îðòîãîíàëüíèõ ìíîãî÷ëåíiâ Ëåæàíäðà.

Òåîðåìà 7 [25]. Íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì

XN(t) =
N∑
k=0

d
(N)
k t(k+1)q−1,

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

1∫
0

XN(t)t
jqq−j

dt = 0, j = 0, N − 1,

ç òî÷íiñòþ äî ìóëüòèïëiêàòèâíî¨ êîíñòàíòè ìîæíà çàïèñàòè ó âèãëÿäi

XN(t) = (DNU2N)(t),

äå îïåðàòîð D âèçíà÷à¹òüñÿ ôîðìóëîþ

(Dφ)(t) =
1

q
t
1
q
−1φ′

(
t
1
q

)
, (17)

à óçàãàëüíåíèé ïîëiíîì U2N(t) ìà¹ çîáðàæåííÿ

U2N(t) =
N∑

m=0

(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!
t(N+m+1)q−1.
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Äîâåäåííÿ. Íåâàæêî ïåðåêîíàòèñÿ, ùî äëÿ k = 1, N ìà¹ ìiñöå çîáðàæåííÿ

(DkU2N)(t) =
N∑

m=0

(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!

(N +m)q!

(N +m− k)q!
t(N+m+1−k)q−1. (18)

Î÷åâèäíî, ùî (DkU2N)(0) = 0 äëÿ k = 0, N − 1. Ïåðåêîíà¹ìîñü, ùî òàêîæ (DkU2N)(1) = 0

äëÿ k = 0, N − 1. Âiçüìåìî äî óâàãè íàñòóïíó òîòîæíiñòü äëÿ ìíîãî÷ëåíiâ Ãàóññà, ùî ¹

q-àíàëîãîì òîòîæíîñòi ×ó-Âàíäåðìîíäà (äèâ. [111, ñ.51]):[
N +m

k

]
=

k∑
j=0

[
m

j

] [
N

k − j

]
q(m−j)(k−j).

Ç íå¨ âèïëèâà¹, ùî

(N +m)q!

(N +m− k)q!
= kq!

[
N +m

k

]
= kq!

k∑
j=0

[
m

j

] [
N

k − j

]
q(m−j)(k−j).

Ïiäñòàâèìî öåé âèðàç â (18) i ïîêëàäåìî t = 1. Îòðèìà¹ìî

(DkU2N)(1) =
N∑

m=0

(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!
kq!

k∑
j=0

[
m

j

] [
N

k − j

]
q(m−j)(k−j) =

= kq!
k∑

j=0

[
N

k − j

] N∑
m=j

(−1)m
q

m(m+1)
2

−Nm+(m−j)(k−j)Nq!mq!

mq!(N −m)q!jq!(m− j)q!
=

= kq!
k∑

j=0

[
N

k − j

]
Nq!

jq!(N − j)q!

N∑
m=j

(−1)m
[
N − j

m− j

]
q

m(m+1)
2

−Nm+(m−j)(k−j) =

= kq!
k∑

j=0

[
N

k − j

] [
N

j

] N−j∑
m=0

(−1)m+j

[
N − j

m

]
q

(m+j)(m+j+1)
2

−N(m+j)+m(k−j) =

= kq!
k∑

j=0

[
N

k − j

] [
N

j

]
(−1)j

N−j∑
m=0

(−1)m
[
N − j

m

]
q

m(m+1)
2

−(N−j)mq
j(j+1)

2
−Nj+m(k−j).

Â òîòîæíîñòi (2.20) çàìiíèìî q íà 1
q
. Áóäåìî ìàòè

k∑
m=0

[
k

m

]
(−1)mzmq

m(m+1)
2

−km =
k−1∏
m=0

(1− zq−m). (19)

Ç âðàõóâàííÿì (19) îòðèìà¹ìî

(DkU2N)(1) = kq!
k∑

j=0

[
N

k − j

] [
N

j

]
(−1)jq

j(j+1)
2

−Nj

N−j−1∏
m=0

(1− qk−j · q−m) = 0, k = 0, N − 1,
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îñêiëüêè â îñòàííüîìó äîáóòêó ïðè âêàçàíèõ çíà÷åííÿõ k îáîâ'ÿçêîâî áóäå ïðèñóòíiì

íóëüîâèé ñïiâìíîæíèê.

Ðîçãëÿíåìî òåïåð äëÿ îïåðàòîðà A, îçíà÷åíîãî ôîðìóëîþ (2.1), òà ôóíêöié yj(t), îçíà-

÷åíèõ ôîðìóëàìè (2.21), iíòåãðàë

1∫
0

(DNU2N)(t)yj(t)dt =

1∫
0

(AjDNU2N)(t)dt.

Ëåãêî ïåðåêîíàòèñü, ùî

(ADφ)(t) = φ(t)− φ(0).

Îòîæ, âðàõîâóþ÷è, ùî (DkU2N)(0) = 0 äëÿ k = 0, N − 1,

1∫
0

(DNU2N)(t)yj(t)dt =

1∫
0

(Aj−1DN−1U2N)(t)yj(t)dt = . . . =

=

1∫
0

(DN−jU2N)(t)dt = (DN−j−1U2N)(1)− (DN−j−1U2N)(0) = 0.

ïðè j = 0, N − 1. Òàêèì ÷èíîì, óçàãàëüíåíèé ïîëiíîì XN(t) = (DNU2N)(t) ¹ îðòîãîíàëü-

íèì äî ñèñòåìè ôóíêöié {yj(t)}N−1
j=0 , àáî, ùî òå æ ñàìå, äî ñèñòåìè ôóíêöié

{
tjqq

−j
}N−1

j=0
.

Âèêîðèñòîâóþ÷è òåîðåìó 7, ìè ìîæåìî ëåãêî îòðèìàòè ÿâíèé âèãëÿä àïðîêñèìàíò

Ïàäå ôóíêöi¨ (1) ïîðÿäêiâ [N − 1/N ], N ≥ 1.

Òåîðåìà 8 [25]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
Eq(z)− 1

z

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑

m=0

zN−m(−1)m
q

m(m+1)
2

−NmNq!(N +m)q!

mq!(N −m)q!
,

PN−1(z) =
N−1∑
j=0

zj
j∑

m=0

(−1)N−m q
m(m−1)

2
−N(N−1)

2 Nq!(2N −m)q!

mq!(N −m)q!(j −m+ 1)q!
.

Çàóâàæåííÿ 3. Äiàãîíàëüíi ïîëiíîìè Ïàäå ôóíêöi¨ Eq(z) áóëè ðàíiøå iíøèì ñïîñîáîì

ïîáóäîâàíi â [229]. Äèâ. òàêîæ [127,151,152,180].
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Äëÿ ïîáóäîâè àïðîêñèìàíò Ïàäå ôóíêöi¨, êîåôiöi¹íòè ñòåïåíåâîãî ðÿäó ÿêî¨ âèçíà÷à-

þòüñÿ ôîðìóëàìè (2.29), òðåáà áiîðòîãîíàëiçóâàòè ñèñòåìè ôóíêöié
{
t(k+1)q−1+νqk

}∞

k=0
òà{

tjqq
−j
}∞

j=0
.

Òåîðåìà 9 [25]. Íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì

XN(t) =
N∑
k=0

d
(N)
k t(k+1)q−1+νqk ,

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

1∫
0

XN(t)t
jqq−j

dt = 0, j = 0, N − 1,

ç òî÷íiñòþ äî ìóëüòèïëiêàòèâíî¨ êîíñòàíòè ìîæíà çàïèñàòè ó âèãëÿäi

XN(t) = (DNU2N)(t),

äå îïåðàòîð D âèçíà÷à¹òüñÿ ôîðìóëîþ (17), à óçàãàëüíåíèé ïîëiíîì U2N(t) ìà¹ çîáðàæåí-

íÿ

U2N(t) =
N∑

m=0

(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!
t(N+m+1)q−1+νqN+m

.

Äîâåäåííÿ. Àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñÿ ïðè äîâåäåííi òåîðåìè 7, âñòàíîâèìî, ùî

(DkU2N)(t) =
N∑

m=0

(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!

k−1∏
j=0

{(N +m− j)q+νqN+m−j−1}t(N+m+1−k)q−1+νqN+m−k

.

Çíîâó æ òàêè ëåãêî áà÷èòè, ùî (DkU2N)(0) = 0 äëÿ k = 0, N − 1. Ùîá ïåðåêîíàòèñÿ, ùî

òàêîæ (DkU2N)(1) = 0 äëÿ k = 0, N − 1, âèêîðèñòà¹ìî íàñòóïíèé äîïîìiæíèé ðåçóëüòàò.

Ëåìà 1 [25]. Ìà¹ ìiñöå òîòîæíiñòü

k−1∏
j=0

{(N +m− j)q + νqN+m−j−1} = kq!
k∑

j=0

[
m

j

]
q(m−j)(k−j)

k−j−1∏
p=0

{(N − p)q + νqN−p−1}

(k − j)q!
.

Ïîäàëüøå äîâåäåííÿ òåîðåìè 9 ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 7.

Òåîðåìà 10 [25]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

zk

k+1∏
m=1

(mq + νqm−1)
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ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑

m=0

zN−m(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!

N+m∏
j=1

(jq + νqj−1), (20)

PN−1(z) =
N−1∑
j=0

zj
j∑

m=0

(−1)N−m q
m(m−1)

2
−N(N−1)

2 Nq!

mq!(N −m)q!

2N−m∏
r=j−m+2

(rq + νqr−1).

Òåîðåìà 11. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

zk

k+1∏
m=1

(mq + νqm−1)

äå |q| > 1, ïîðÿäêiâ [N − 1/N ], N ≥ 1, çáiãàþòüñÿ äî íàáëèæóâàíî¨ ôóíêöi¨ ðiâíîìiðíî íà

êîæíîìó êîìïàêòi êîìïëåêñíî¨ ïëîùèíè ïðè N → ∞.

Äîâåäåííÿ. Êîðèñòóþ÷èñü çîáðàæåííÿì (20), áà÷èìî, ùî

QN(z) = (−1)Nq−
N(N−1)

2

2N∏
j=1

(jq + νqj−1)×

×

1 +
N∑

m=1

zN−m(−1)N−mq
(N−m)(N−m−1)

2
Nq!

mq!(N −m)q!

1
2N∏

j=N+m+1

(jq + νqj−1)

 =

= (−1)Nq−
N(N−1)

2

2N∏
j=1

(jq + νqj−1)(1 + εN(z)).

Ðîçãëÿíåìî îñòàííþ ñóìó

εN(z) =
N−1∑
k=0

zk(−1)kq
k(k−1)

2
Nq!

kq!(N − k)q!

1
2N∏

j=2N−k+1

(jq + νqj−1)

=

=
N−1∑
k=0

(−z)k
q

k(k−1)
2

kq!

N∏
j=N−k+1

jq
(N + j)q + νqN+j+1

.

Îñêiëüêè, ÿê ëåãêî ïåðåêîíàòèñÿ,

(N + j)q = Nq + qNjq,
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òî ∣∣∣∣ jq
(N + j)q + νqN+j+1

∣∣∣∣ < 1

|q|N

i, âiäïîâiäíî, ∣∣∣∣∣
N∏

j=N−k+1

jq
(N + j)q + νqN+j+1

∣∣∣∣∣ < 1

|q|N(k+1)
.

À òîìó

|εN(z)| ≤
∞∑
k=0

|z|k

|q|N(k+1)
. (21)

ßêùî ìè áóäåìî áðàòè z ç êîìïàêòà K ⊂ KR ⊂ C, òî ïðè N > R ðÿä â ïðàâié ÷àñòèíi

(21) çáiãà¹òüñÿ, i, ïî÷èíàþ÷è ç äåÿêîãî N0 ∈ N, ìàæîðàíòà ñòàíå ÿê çàâãîäíî ìàëîþ.

Òàêèì ÷èíîì, ìíîæèíà íóëiâ çíàìåííèêiâ QN(z) íå ìà¹ ãðàíè÷íèõ òî÷îê â ñêií÷åííié

êîìïëåêñíié ïëîùèíi. Çâiäñè æ íà îñíîâi òåîðåìè À.Î. Ãîí÷àðà [39] âèïëèâà¹ ðiâíîìiðíà

çáiæíiñòü àïðîêñèìàíò Ïàäå ôóíêöi¨ f(z) ïîðÿäêiâ [N − 1/N ] ïðè N → ∞ íà êîæíîìó

êîìïàêòi K ⊂ C.
Âèêîðèñòîâóþ÷è òåîðåìè 7 òà 9, ìè ìîæåìî òàêîæ ïîáóäóâàòè àïðîêñèìàíòè Ïàäå äëÿ

òâiðíèõ ôóíêöié ïîñëiäîâíîñòåé (2.37) òà (2.40).

Òåîðåìà 12 [25]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

k∏
r=1

(κ+ rq)

(k + 1)q!
zk

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑

m=0

zN−m(−1)m
q

m(m+1)
2

−NmNq!

mq!(N −m)q!

(N +m)q!
m∏
r=1

(κ+ rq)
,

PN−1(z) =
N−1∑
j=0

zj
j∑

k=0

(−1)N−k

[
N

k

]
q

k(k−1)
2

−N(N−1)
2

(2N − k)q!

(j − k + 1)q!
N−k∏

r=j−k+1

(κ+ rq)

.

Òåîðåìà 13 [25]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

k∏
m=1

(mq + νqm−1 + κ)

k+1∏
m=1

(mq + νqm−1)

zk

112



ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑

m=0

zN−m(−1)m
[
N

m

]
q

m(m+1)
2

−Nm

N+m∏
p=1

(pq + νqp−1)

m∏
r=1

(rq + νqr−1 + κ)
,

PN−1(z) =
N−1∑
j=0

zj
j∑

k=0

(−1)N−k

[
N

k

]
q

k(k−1)
2

−N(N−1)
2

2N−k∏
p=j−k+2

(pq + νqp−1)

N−k∏
r=j−k+1

(rq + νqr−1 + κ)

.

Ïåðåéäåìî òåïåð äî ðîçãëÿäó ôóíêöié, óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ ÿêèõ áóëè

ïîáóäîâàíi ç âèêîðèñòàííÿì îïåðàòîðà q-iíòåãðóâàííÿ (2.41). Íåâàæêî ïåðåêîíàòèñü, ùî

¨õ àïðîêñèìàíòè Ïàäå ìîæóòü áóòè çîáðàæåíi â òåðìiíàõ ìíîãî÷ëåíiâ, îðòîãîíàëüíèõ

ïî âiäíîøåííþ äî áiëiíiéíî¨ ôîðìè ⟨x, y⟩ =
1∫
0

x(τ)y(τ)dqτ. Òàêi ìíîãî÷ëåíè áóëè âèâ÷åíi

Â. Õàíîì (äèâ. [70,114]), çîêðåìà, q-ïîëiíîìè Ëåæàíäðà LN(x; q), äëÿ ÿêèõ âèêîíóþòüñÿ

óìîâè îðòîãîíàëüíîñòi
1∫

0

LN(x; q)LM(x; q)dq(x) = 0

ïðè N ̸= M, ìîæóòü áóòè çîáðàæåíi ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ó âèãëÿäi

LN(x; q) =2 Φ1

[
q−N , qN+1; qx

q

]
=

N∑
k=0

(q−N ; q)k(q
N+1; q)k

(q; q)k(q; q)k
(qx)k,

à q-ïîëiíîìè ßêîái R
(ν,0)
N (x; q), äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè îðòîãîíàëüíîñòi

1∫
0

R
(ν,0)
N (x; q)R

(ν,0)
M (x; q)xνdqx = 0

ïðè N ̸= M, ìîæóòü áóòè çîáðàæåíi ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà ó âèãëÿäi

R
(ν,0)
N (x; q) =2 Φ1

[
q−N , qN+ν+1; qx

qν+1

]
=

N∑
k=0

(q−N ; q)k(q
N+ν+1; q)k

(q; q)k(qν+1; q)k
(qx)k.

Òåîðåìà 14 [27]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =

1Φ1

[
q; (1− q)z

qν+1

]
− 1

z
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ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

zN−k (q
−N ; q)k(q

N+ν+1; q)k
(q; q)k(1− q)k

qk,

PN−1(z) =
N−1∑
m=0

zm
m∑
j=0

(q−N ; q)N−j(q
N+ν+1; q)N−jq

N−j

(q; q)N−j(qν+1; q)m−j+1(1− q)N−m−1
.

Òåîðåìà 15 [27]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
1− q

1− qν+1
2

Φ1

[
q; qν+1

1+κ−κq
; (1 + κ− κq)z

qν+2

]

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

zN−k (q−N ; q)k(q
N+ν+1; q)k

(1 + κ− κq)k(q; q)k
(

qν+1

1+κ−κq
; q
)
k

qk,

PN−1(z) = (1− q)
N−1∑
m=0

zm

(1 + κ− κq)N−m

m∑
j=0

(q−N ; q)N−j(q
N+ν+1; q)N−jq

N−j

(q; q)N−j(qν+1; q)m−j+1

(
qN−j+ν+1

1+κ−κq

)
N−m

.

Çàóâàæåííÿ 4. Íåçàëåæíî iíøèì øëÿõîì ðåçóëüòàòè, åêâiâàëåíòíi òâåðäæåííÿì òåî-

ðåì 14 òà 15, áóëè îòðèìàíi â [127,151,152].

� 4. Àïðîêñèìàöi¨ Ïàäå äåÿêèõ åëåìåíòàðíèõ ôóíêöié

Ïîáóäó¹ìî òåïåð àïðîêñèìàíòè Ïàäå ôóíêöié, ðîçãëÿíóòèõ â �3 ðîçäiëó 2.

Òåîðåìà 16 [165]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
2(2 + z)

z
√
4− z2

arctg
z√

4− z2

ïîðÿäêiâ [N − 1/N ], N ≥ 1 Ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

114



äå

PN−1(z) =
N∑

m=1

zN−m(−1)[m/2] 1

[(m− 1)/2]!
×

×
N∑

k=m

(
N

k

)
(−1)k

(N + k)!

k!

(k − [m/2]− 1)!

(k −m)!

m−1∑
j=0

[(j + 1)/2]![j/2]!

(j + 1)!
zj,

QN(z) = N !zN +
N∑

m=1

(−1)[m/2] 1

[(m− 1)/2]!

N∑
k=m

(
N

k

)
(−1)k

(N + k)!

k!

(k − [m/2]− 1)!

(k −m)!
zN−m.

Äîâåäåííÿ. Ïîáóäîâà âêàçàíèõ àïðîêñèìàíò çâîäèòüñÿ äî áiîðòîãîíàëiçàöi¨ ñèñòåì

ôóíêöié

xk(t) =

{
tm(1− t)m, ÿêùî k = 2m− ïàðíå,

tm+1(1− t)m, ÿêùî k = 2m+ 1− íåïàðíå,

òà

yj(t) =

{
tn(1− t)n, ÿêùî j = 2n− ïàðíå,

tn(1− t)n+1, ÿêùî j = 2n+ 1− íåïàðíå.

Îñêiëüêè öi ñèñòåìè ôóíêöié ñêëàäàþòüñÿ ç àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ, i deg xk(t) ≡ k,

deg yj(t) ≡ j, òî òàêà áiîðòîãîíàëiçàöiÿ ïîâèííà ïðèçâåñòè äî ïîáóäîâè çñóíåíèõ îðòîíîð-

ìîâàíèõ íà [0, 1] ìíîãî÷ëåíiâ Ëåæàíäðà

L∗
N(t) =

N∑
k=0

c
(N)
k xk(t). (22)

Ùîá çíàéòè êîåôiöi¹íòè c
(N)
k , k = 0, N, â ïðåäñòàâëåííi (22), íåîáõiäíî çîáðàçèòè ôóíêöi¨

tk, k = 0,∞, ÷åðåç ôóíêöi¨ xk(t), k = 0,∞. Çàïèøåìî òàêå çîáðàæåííÿ ç íåâèçíà÷åíèìè

êîåôiöi¹íòàìè

t2k =
k∑

m=0

α(k)
m x2m(t) +

k−1∑
m=0

β(k)
m x2m+1(t), k = 0,∞, (23)

t2k+1 =
k∑

m=1

γ(k)
m x2m(t) +

k∑
m=0

δ(k)m x2m+1(t), k = 0,∞. (24)

Ðîçãëÿíåìî òâiðíi ôóíêöi¨

A(z, w) =
∞∑
k=0

zk
k∑

m=0

α(k)
m wm,

B(z, w) =
∞∑
k=1

zk
k−1∑
m=0

β(k)
m wm,

Γ(z, w) =
∞∑
k=1

zk
k∑

m=1

γ(k)
m wm,

115



∆(z, w) =
∞∑
k=0

zk
k∑

m=0

δ(k)m wm.

Ïîìíîæèâøè ðiâíiñòü (23) íà t, îòðèìà¹ìî

t2k+1 =
k∑

m=0

α(k)
m x2m+1(t) +

k−1∑
m=0

β(k)
m x2m+1(t)−

k−1∑
m=0

β(k)
m x2m+2(t) =

=
k∑

m=0

α(k)
m x2m+1(t) +

k−1∑
m=0

β(k)
m x2m+1(t)−

k∑
m=1

β
(k)
m−1x2m(t). (25)

Îñêiëüêè ôóíêöi¨ xk(t) ¹ ëiíiéíî íåçàëåæíèìè, i ïðàâi ÷àñòèíè (24) òà (25) ñïiâïàäàþòü, òî

¨õ ðiâíiñòü çáåðåæåòüñÿ, ÿêùî ìè çàìiñòü ôóíêöié x2m(t) ïiäñòàâèìî w
m, à çàìiñòü ôóíêöié

x2m+1(t) - íóëi. Îòðèìà¹ìî

k∑
m=1

γ(k)
m wm = −

k∑
m=1

β
(k)
m−1w

m. (26)

Äîìíîæèìî (26) íà zk i ïðîñóìó¹ìî ïî k âiä 1 äî ∞. Áóäåìî ìàòè

Γ(z, w) = −wB(z, w). (27)

Àíàëîãi÷íî âñòàíîâèìî ñïiââiäíîøåííÿ

A(z, w) = 1− zw∆(z, w), (28)

B(z, w) = z∆(z, w) + zΓ(z, w), (29)

∆(z, w) = A(z, w) +B(z, w). (30)

Ðîçâ'ÿçóþ÷è ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (27)�(30), îòðèìà¹ìî

A(z, w) =
1 + zw − z

(1 + zw)2 − z
,

B(z, w) =
z

(1 + zw)2 − z
,

Γ(z, w) =
−wz

(1 + zw)2 − z
,

∆(z, w) =
1 + zw

(1 + zw)2 − z
.

Äàëi ìè ìàòèìåìî

A(z, w) =
1 + zw − z

(1 + zw)2 − z
=

(1−
√
z)/2

1 + zw −
√
z
+

(1 +
√
z)/2

1 + zw +
√
z
=
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= 1/2
∞∑
k=0

(−1)k
zkwk

(1−
√
z)k

+ 1/2
∞∑
k=0

(−1)k
zkwk

(1 +
√
z)k

=

= 1/2
∞∑
k=0

(−1)kzkwk

{
∞∑

m=0

(k +m− 1)!

(k − 1)!m!
zm/2 +

∞∑
m=0

(k +m− 1)!

(k − 1)!m!
(−1)mzm/2

}
=

=
∞∑
k=0

(−1)kwk

∞∑
m=k

(2m− k − 1)!

(k − 1)!(2m− 2k)!
zm =

∞∑
m=0

zm
m∑
k=0

(−1)kwk (2m− k − 1)!

(k − 1)!(2m− 2k)!
,

çâiäêè

α(k)
m = (−1)m

(2k −m− 1)!

(m− 1)!(2k − 2m)!
. (31)

Àíàëîãi÷íî îòðèìà¹ìî

β(k)
m = (−1)m

(2k −m− 1)!

m!(2k − 2m− 1)!
, (32)

γ(k)
m = (−1)m

(2k −m)!

(m− 1)!(2k − 2m+ 1)!
, (33)

δ(k)m = (−1)m
(2k −m)!

m!(2k − 2m)!
. (34)

Ïiäñòàâëÿþ÷è (31)-(34) äî (23)-(24) i îá'¹äíóþ÷è îòðèìàíi ðiâíîñòi, áóäåìî ìàòè

tk =
k∑

m=1

(−1)[m/2] (k − [m/2]− 1)!

[(m− 1)/2]!(k −m)!
xm(t) (35)

äëÿ k ≥ 1 i t0 = 1 = x0(t). Ç (22) i (35) âèïëèâà¹, ùî

c(N)
m = (−1)[m/2] 1

[(m− 1)/2]!

N∑
k=m

l
(N)
k

(k − [m/2]− 1)!

(k −m)!

äëÿ m = 1, N i c
(N)
0 = l

(N)
0 , äå l

(N)
k , k = 0, N, - êîåôiöi¹íòè çñóíóòîãî îðòîíîðìîâàíîãî íà

[0, 1] ìíîãî÷ëåíà Ëåæàíäðà L∗
N(t).

Çàóâàæåííÿ 5. Àíàëîãi÷íî ìîæíà ïîáóäóâàòè àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ],

N ≥ 1, ôóíêöi¨

f(x) =
2

z
√
1− α2

√
2 + (1− α)z

2− (1 + α)z
arctg

z
√
1− α2√

(2− (α + 1)z)(2− (α− 1)z)

ïðè α ̸= ±1. Äëÿ öüîãî íåîáõiäíî ðîçãëÿíóòè â ïðîñòîði C[0, 1] ëiíiéíèé íåïåðåðâíèé

îïåðàòîð

(Aφ)(t) = αtφ(t) + tφ(1− t).
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Çàóâàæåííÿ 6. Òâåðäæåííÿ òåîðåìè 16 ñïðàâåäëèâå i äëÿ öiëîãî êëàñó ôóíêöié (2.69)

ç çàìiíîþ â íüîìó êîåôiöi¹íòiâ ìíîãî÷ëåíà L∗
N(t) íà êîåôiöi¹íòè ìíîãî÷ëåíà, îðòîãîíàëü-

íîãî íà [0, 1] ç âàãîþ

ω(t) =

{
φ(t), t ∈ [0, 1/2],

φ(1− t), t ∈ [1/2, 1].

Òåîðåìà 17 [165]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
tg
√
z√
z

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

PN−1(z) =
N∑
k=1

(−1)kzN−k

N∑
m=k

(
N

m

)
(−1)m

(2N + 2m− 1)!!

2m
(2m)!

(2m− 2k)!
×

×
k−1∑
j=0

22j+2(22j+2 − 1)Bj+1

(2j + 2)!
zj,

QN(z) =
N∑
k=0

(−1)kzN−k

N∑
m=k

(
N

m

)
(−1)m

(2N + 2m− 1)!!

2m
(2m)!

(2m− 2k)!
,

à Bj - ÷èñëà Áåðíóëëi, ùî âèçíà÷àþòüñÿ ôîðìóëàìè (äèâ. [80, ñ.765])

Bj =
(2j)!

π2j22j−1

{
1 +

1

22j
+

1

32j
+

1

42j
+ ...

}
. (36)

Äîâåäåííÿ. Äëÿ ïîáóäîâè âêàçàíèõ àïðîêñèìàíò íåîáõiäíî áiîðòîãîíàëiçóâàòè ñèñòå-

ìè ôóíêöié (2.80) òà (2.81). Öå åêâiâàëåíòíî ïîáóäîâi ïàðíîãî àëãåáðà¨÷íîãî ìíîãî÷ëåíà

X2N(t) = UN(t
2), òàêîãî ùî

1∫
0

UN(t
2)t2kdt = 0, k = 0, N − 1.

Ëåãêî áà÷èòè, ùî UN(t) â òàêîìó ðàçi ñïiâïàäà¹ ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà çi

çñóíóòèì îðòîíîðìîâàíèì íà [0, 1] ç âàãîþ ω(t) = t−1/2 ìíîãî÷ëåíîì ßêîái

UN(t) = R
(−1/2,0)∗
N (t).
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Çíàéäåìî âèðàçè ïàðíèõ ñòåïåíiâ çìiííî¨ ÷åðåç ôóíêöi¨ x2k(t). Ìà¹ìî

cos
√
zt

cos
√
z

=
∞∑
k=0

zkx2k(t).

Îòîæ,

cos
√
zt = cos

√
z

∞∑
k=0

zkx2k(t)

àáî
∞∑
k=0

zk(−1)kt2k

(2k)!
=

∞∑
k=0

zk(−1)k

(2k)!

∞∑
k=0

zkx2k(t) =
∞∑
k=0

zk
k∑

m=0

x2m(t)
(−1)k−m

(2k − 2m)!
.

Çâiäñè îòðèìà¹ìî

t2k =
k∑

m=0

x2m(t)
(−1)m(2k)!

(2k − 2m)!
, (37)

à öå äîçâîëÿ¹ âèçíà÷èòè êîåôiöi¹íòè áiîðòîãîíàëüíîãî ïîëiíîìà X2N(t), à îòæå, i êîåôi-

öi¹íòè ÷èñåëüíèêiâ òà çíàìåííèêiâ øóêàíèõ àïðîêñèìàíò Ïàäå.

Çàóâàæåííÿ 7. Àïðîêñèìàíòè Ïàäå ôóíêöi¨ tgz
z
ðàíiøå iíøèì ñïîñîáîì áóëè ïîáóäîâàíi

â [66, ñ.67].

Òåîðåìà 18 [165]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
sin z + 1− cos z

z cos z

ïîðÿäêiâ [N − 1/N ], N ≥ 1, ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

PN−1(z) =
N∑
k=1

(−1)[k/2]zN−k

N∑
m=k

(
N

m

)
(−1)m

(N +m)!

(m− k)!
(εm + δk,m(1− εm))×

×


[(k−1)/2]∑

j=0

22j+2 (22j+2 − 1)Bj+1

(2j + 2)!
z2j +

[k]−1∑
j=0

Ej+1

(2j + 2)!
z2j+1

 ,

QN(z) =
N∑
k=0

(−1)[k/2]zN−k

N∑
m=k

(
N

m

)
(−1)m

(N +m)!

(m− k)!
(εm + δk,m(1− εm)).

Çàóâàæåííÿ 8. Â ôîðìóëþâàííi òåîðåìè 18 ââåäåíi ïîçíà÷åííÿ:

εm =

{
1, ÿêùî m - ïàðíå,

0, ÿêùî m - íåïàðíå,
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δk,m =

{
1, ÿêùî k = m,

0, ÿêùî k ̸= m;

÷èñëà Áåðíóëëi Bj âèçíà÷àþòüñÿ ôîðìóëàìè (36), ÷èñëà Åéëåðà Ej - ôîðìóëàìè (2.79).

Äîâåäåííÿ. Íàì ïîòðiáíî áiîðòîãîíàëiçóâàòè ñèñòåìè ôóíêöié {xk(t)}∞k=0 òà {yj(t)}∞j=0,

âèçíà÷åíi ôîðìóëàìè (2.80), (2.81), (2.82) òà (2.83). Ëåãêî áà÷èòè, ùî òàêà áiîðòîãîíàëi-

çàöiÿ ïðèçâåäå äî ïîáóäîâè çñóíóòèõ îðòîíîðìîâàíèõ íà [0, 1] ìíîãî÷ëåíiâ L∗
N(t). Òîìó

äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ çíàìåííèêiâ òà ÷èñåëüíèêiâ àïðîêñèìàíò Ïàäå íåîáõiäíî îò-

ðèìàòè çîáðàæåííÿ ñòåïåíåâèõ ôóíêöié tk, k = 0,∞, ÷åðåç ôóíêöi¨ xk(t), k = 0,∞. Äëÿ

ïàðíèõ ñòåïåíiâ ìè âæå ìà¹ìî çîáðàæåííÿ (37). Äëÿ íåïàðíèõ ñòåïåíiâ çàïèøåìî âiäïî-

âiäíèé âèðàç ç íåâèçíà÷åíèìè êîåôiöi¹íòàìè

t2k+1 =
k∑

m=0

α(k)
m x2m(t) +

k∑
m=0

β(k)
m x2m+1(t). (38)

Çàñòîñó¹ìî äî (38) îïåðàòîð (2.70)

1− t2k+3

(2k + 2)(2k + 3)
=

k∑
m=0

α(k)
m x2m+2(t) +

k∑
m=0

β(k)
m x2m+3(t). (39)

Ç iíøîãî áîêó,

1− t2k+3

(2k + 2)(2k + 3)
=

1

(2k + 2)(2k + 3)

{
x0(t)−

k+1∑
m=0

α(k+1)
m x2m(t)−

k+1∑
m=0

β(k+1)
m x2m+1(t)

}
. (40)

Ïîðiâíþþ÷è ïðàâi ÷àñòèíè (39) òà (40) i âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü ôóíêöié xk(t),

k = 0,∞, îòðèìà¹ìî

α
(k+1)
0 = 1,

α(k+1)
m = −(2k + 2)(2k + 3)α

(k)
m−1 = . . . = (−1)m

(2k + 3)!

(2k − 2m+ 3)!
α
(k−m+1)
0 ,

çâiäêè

α(k)
m = (−1)m

(2k + 1)!

(2k − 2m+ 1)!

i òàêîæ

β
(k+1)
0 = 0,

β(k+1)
m = −(2k + 2)(2k + 3)β

(k)
m−1 = . . . = (−1)m

(2k + 3)!

(2k − 2m+ 3)!
β
(k−m+1)
0 ,

çâiäêè

β(k)
m = 0, ÿêùî m < k,

β
(k)
k = (−1)k(2k + 1)!β

(0)
0 = −(−1)k(2k + 1)!.
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Ìè îòðèìó¹ìî çîáðàæåííÿ

t2k+1 =
k∑

m=0

(−1)k
(2k + 1)!

(2k − 2m+ 1)!
x2m(t)− (−1)k(2k + 1)!x2k+1(t). (41)

Ïî¹äíóþ÷è ôîðìóëè (37) òà (41), áóäåìî ìàòè

tk =

[k/2]∑
m=0

(−1)m
k!

(k − 2m)!
x2m(t)− (1− εk)(−1)(k−1)/2k!xk(t). (42)

Ç (42) îòðèìó¹ìî çîáðàæåííÿ äëÿ êîåôiöi¹íòiâ c
(N)
k , k = 0, N, áiîðòîãîíàëüíîãî ïîëiíîìà

XN(t) =
N∑
k=0

c
(N)
k xk(t),

à îòæå, i äëÿ êîåôiöi¹íòiâ çíàìåííèêiâ òà ÷èñåëüíèêiâ àïðîêñèìàíò Ïàäå.

Çàóâàæåííÿ 9. Ïðîäîâæóþ÷è ìiðêóâàííÿ, âèêîðèñòàíi ïðè äîâåäåííi òåîðåì 30 òà 31,

ìîæíà ïîáóäóâàòè òàêîæ àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ], N ≥ 1, äëÿ ôóíêöi¨

f(z) = (sec
√
z − 1)/z. Öåé ðåçóëüòàò åêâiâàëåíòíèé ïîáóäîâi äiàãîíàëüíèõ àïðîêñèìàíò

Ïàäå äëÿ ôóíêöi¨ cos z, ùî âèêîíàíà â [49].

Çàóâàæåííÿ 10. ßêùî â äîâåäåííi òåîðåìè 18 çàìiñòü îïåðàòîðà (2.70) ðîçãëÿíóòè îïå-

ðàòîð

(Aφ)(t) = α

t∫
0

φ(τ)dτ +

1−t∫
0

φ(τ)dτ

äëÿ α ̸= 1, òî ìîæíà ïîáóäóâàòè àïðîêñèìàíòè Ïàäå ïîðÿäêiâ [N − 1/N ], N ≥ 1, ôóíêöi¨

f(z) =
(1− α) sin z

√
1−α2√

1−α2 − cos z
√
1− α2 + 1

z
(
cos z

√
1− α2 − α

) .

� 5. Àïðîêñèìàöi¨ Ïàäå ðÿäiâ, ïîâ'ÿçàíèõ ç îïåðàòîðîì çñóâó

Ðîçãëÿíåìî òåïåð óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ, ïîáóäîâàíå â �4 ðîçäiëó 2.

Íåñêëàäíî âñòàíîâèòè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 19. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
π√

α + β

∞∑
k=0

exp

{
−αβ(γ + kλ)2

α + β

}
ïîðÿäêiâ [N − 1/N ], N ≥ 1, iñíóþòü, íåâèðîäæåíi i ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,
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äå

QN(z) =
N∑
k=0

zN−kd
(N)
k exp{α(kλ+ γ)2},

PN−1(z) =
π√

α+ β

N−1∑
m=0

zm
m∑
k=0

d
(N)
N−k×

× exp

{
α

(
λ2N2 − β

α + β
m2λ2 + 2λ(γ − kλ)

(
N − β

α + β
m

)
+

α

α+ β
(γ − λk)2

)}
,

à d
(N)
k , k = 0, N, - êîåôiöi¹íòè óçàãàëüíåíîãî ïîëiíîìà

XN(t) =
N∑
k=0

d
(N)
k exp{−αkt},

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

∞∫
−∞

XN(t) exp

{
βjt− 1

4λ
(αt2 + 2αγt+ βt2)

}
dt = 0

äëÿ j = 0, N − 1.

� 6. Àïðîêñèìàöi¨ Ïàäå ðÿäiâ, ïîâ'ÿçàíèõ ç äðîáîâî-ëiíiéíèìè ïåðåòâîðåííÿìè

Ðîçãëÿíåìî íàðåøòi óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ, ïîáóäîâàíi â �5 ðîçäiëó 2.

Òåîðåìà 20 [166]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

t0z
k

(1− δγk)t0 + δγk
,

äå γ, δ ∈ (0,∞)\{1}, t0 ∈ (0, 1), ïîðÿäêiâ [N−1/N ], N ≥ 1, iñíóþòü, íåâèðîäæåíi i ìîæóòü

áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

c
(N)
k zN−k,

PN−1(z) =
N−1∑
m=0

zm
m∑
k=0

c
(N)
N−k

t0
(1− δγm−k)t0 + δγm−k

,

à c
(N)
k , k = 0, N, - êîåôiöi¹íòè áiîðòîãîíàëüíîãî ïîëiíîìà

YN =
N∑
k=0

c
(N)
k yk,
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ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

YN(xk) = 0, k = 0, N − 1

(ôóíêöi¨ xk(t), k = 0,∞, âèçíà÷àþòüñÿ ôîðìóëàìè (2.86), ôóíêöiîíàëè yj, j = 0,∞, -

ôîðìóëàìè (2.89)).

Äîâåäåííÿ. Î÷åâèäíî, ùî âèçíà÷íèêè Ãàíêåëÿ ïîñëiäîâíîñòi {sk}∞k=0 ìîæóòü áóòè çà-

ïèñàíi ó âèãëÿäi

HN = det ∥sk+j∥Nk,j=0 = det ∥xk(tj)∥Nk,j=0,

äå òî÷êè tj, j = 0,∞, âèçíà÷àþòüñÿ çà ôîðìóëàìè (2.88). Äëÿ òîãî, ùîá äîâåñòè, ùî

HN ̸= 0, äîñèòü âñòàíîâèòè, ùî

i) {xk(t)}Nk=0 ¹ ÷åáèøîâñüêîþ ñèñòåìîþ íà (0, 1);

ii) ñåðåä òî÷îê tj ∈ (0, 1), j = 0, N, íåìà¹ òàêèõ, ùî ñïiâïàäàþòü.

Òâåðäæåííÿ i) ¹ íàñëiäêîì òîãî, ùî ÿäðî Êîøi K(s, t) = 1
s+t

¹ öiëêîì äîäàòíèì íåñêií-

÷åííîãî ïîðÿäêó (äèâ. [60, c.22]), òâåðäæåííÿ ii) íåâàæêî âñòàíîâèòè áåçïîñåðåäíüîþ ïå-

ðåâiðêîþ. Òàêèì ÷èíîì, iñíóâàííÿ àïðîêñèìàíò Ïàäå äîâåäåíå. Àíàëîãi÷íî âñòàíîâëþ¹òü-

ñÿ íåâèðîäæåíiñòü. Ïiñëÿ öüîãî ôîðìóëè äëÿ ÷èñåëüíèêiâ òà çíàìåííèêiâ çàïèñóþòüñÿ íà

îñíîâi (1.14)-(1.15).

Òåîðåìà 21 [166]. Àïðîêñèìàíòè Ïàäå ôóíêöi¨

f(z) =
∞∑
k=0

{
1

1− δγk
+

(ln δ + k ln γ)δγk

(1− δγk)2

}
zk,

äå γ, δ ∈ (0,∞) \ {1}, ïîðÿäêiâ [N − 1/N ], N ≥ 1, iñíóþòü, íåâèðîäæåíi i ìîæóòü áóòè

çàïèñàíi ó âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)

QN(z)
,

äå

QN(z) =
N∑
k=0

c
(N)
k zN−k,

PN−1(z) =
N−1∑
j=0

zj
j∑

m=0

c
(N)
N−m

{
1

1− δγj−m
+

(ln δ + (j −m) ln γ)δγj−m

(1− δγj−m)2

}
,

à c
(N)
k , k = 0, N, - êîåôiöi¹íòè ïîëiíîìà

XN =
N∑
k=0

c
(N)
k

t

(1− δγk)t+ δγk
,

äëÿ ÿêîãî âèêîíóþòüñÿ ñïiââiäíîøåííÿ áiîðòîãîíàëüíîñòi

1∫
0

XN(t)
γj

(1− (1− γj)t)2
dt = 0, j = 0, N − 1.
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Äîâåäåííÿ. ßê ìè âæå çàçíà÷àëè ïðè äîâåäåííi òåîðåìè 20, ñèñòåìà ôóíêöié

xk(t) =
t

(1− δγk)t+ δγk
, k = 0, N,

¹ ÷åáèøîâñüêîþ íà (0, 1) ïðè êîæíîìó N = 0,∞. Äëÿ äîâåäåííÿ òåîðåìè íàì çàëèøèëîñÿ

âñòàíîâèòè, ùî ÷åáèøîâñüêîþ ¹ òàêîæ ñèñòåìà ôóíêöié

yj(t) =
γj

(1− (1− γj)t)2
, j = 0, N. (43)

Ëåãêî áà÷èòè, ùî
dm

dtm
yj(t) =

(m+ 1)!γj(1− γj)m

(1− (1− γj)t)m+2
.

Îòîæ, âðîíñêiàí ñèñòåìè ôóíêöié (43) áóäå ìàòè âèãëÿä

WN = det

∥∥∥∥ dm

dtm
yj(t)

∥∥∥∥N
j,m=0

= det

∥∥∥∥(m+ 1)!γj(1− γj)m

(1− (1− γj)t)m+2

∥∥∥∥N
j,m=0

=

=
N∏

m=0

(m+ 1)!
N∏
j=0

γj

N∏
j=0

1

(1− (1− γj)t)2
det

∥∥∥∥∥∥ 1(
1

1−γj − t
)m
∥∥∥∥∥∥
N

j,m=0

.

Îñòàííié âèçíà÷íèê ¹ âèçíà÷íèêîì Âàíäåðìîíäà (äèâ. [61, c.118])

det

∥∥∥∥∥∥ 1(
1

1−γj − t
)m
∥∥∥∥∥∥
N

j,m=0

=
∏
k<j

(
1

1
1−γk − t

− 1
1

1−γj − t

)
=

=
∏
k<j

γj − γk

(1− t(1− γk))(1− t(1− γj))
̸= 0.

Çâiäñè i âèïëèâà¹, ùî ñèñòåìà ôóíêöié (43) ¹ ÷åáèøåâñüêîþ íà (0, 1) ïðè êîæíîìó N =

0,∞ (äèâ. [60, c.375]).
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Ð Î Ç Ä I Ë 5

ÇÀÑÒÎÑÓÂÀÍÍß ÓÇÀÃÀËÜÍÅÍÈÕ ÌÎÌÅÍÒÍÈÕ ÇÎÁÐÀÆÅÍÜ

ÄÎ ÏÎÁÓÄÎÂÈ ÒÀ ÂÈÂ×ÅÍÍß ÓÇÀÃÀËÜÍÅÍÈÕ ÀÏÐÎÊÑÈÌÀÖIÉ ÏÀÄÅ

� 1. Óçàãàëüíåííÿ àïðîêñèìàöié Ïàäå

Ïàðàëåëüíî ç âèâ÷åííÿì êëàñè÷íèõ àïðîêñèìàöié Ïàäå áàãàòî äîñëiäíèêiâ, ïî÷èíàþ÷è

ç 60-õ ðð. ÕÕ ñò., ñòàëè ðîçãëÿäàòè òà äîñëiäæóâàòè ðiçíîìàíiòíi ¨õ óçàãàëüíåííÿ.

Îçíà÷åííÿ 1. Íåõàé E = {ek(x)}∞k=0 � îðòîíîðìîâàíèé áàçèñ â äåÿêîìó ôóíêöiîíàëü-

íîìó ãiëüáåðòîâîìó ïðîñòîði H . Òîäi áóäåìî ãîâîðèòè, ùî ôóíêöiÿ

[M/N ]
(E)
f (x) =

M∑
j=0

p
(M)
j ej(x)

N∑
k=0

q
(N)
k ek(x)

∈ H

¹ óçàãàëüíåíîþ àïðîêñèìàíòîþ Ïàäå, àáî E-àïðîêñèìàíòîþ Ïàäå ïîðÿäêó [M/N ] ôóíêöi¨

f ∈ H , ÿêùî

f(x)− [M/N ]
(E)
f (x) ⊥ ek(x)

äëÿ k = 0,M +N.

Â çàëåæíîñòi âiä òîãî, ÿêèé îðòîíîðìîâàíèé áàçèñ âèêîðèñòîâó¹òüñÿ â îçíà÷åííi, ðîç-

ãëÿäàþòüñÿ àïðîêñèìàíòè Ïàäå�×åáèøîâà, Ïàäå�Ëåæàíäðà, òðèãîíîìåòðè÷íi àïðîêñè-

ìàíòè Ïàäå òà ií. Íàéáiëüø ñóòò¹âi ðåçóëüòàòè ó âèâ÷åííi óçàãàëüíåíèõ àïðîêñèìàíò

Ïàäå íàëåæàòü À. Ãîí÷àðó [37,44,167], Ñ. Ñó¹òiíó [101,102] òà ií. Äèâ. òàêîæ [9,168].

Îçíà÷åííÿ 2. Íåõàé z1, z2, . . . , zR ∈ D � äåÿêi òî÷êè, ùî íàëåæàòü ïiäìíîæèíi D êîì-

ïëåêñíî¨ ïëîùèíè, i M = (m1,m2, . . . ,mR) � âåêòîð ç íåâiä'¹ìíèìè öiëèìè êîîðäèíàòàìè,

à N - íåâiä'¹ìíå öiëå ÷èñëî. Òîäi áóäåìî ãîâîðèòè, ùî ðàöiîíàëüíà ôóíêöiÿ

[M/N ]f (z1, . . . , zR; z) =
PM(z)

QN(z)
∈ R

[
R∑

r=1

mr −N − 1/N

]
¹ áàãàòîòî÷êîâîþ àïðîêñèìàíòîþ Ïàäå iíäåêñó [M/N ] â òî÷êàõ z1, z2, . . . , zR ôóíêöi¨ f,

àíàëiòè÷íî¨ â îáëàñòi D , ÿêùî

f(z)− [M/N ]f (z1, . . . , zR; z) = O((z − zr)
mr)

ïðè z → zr, r = 1, R.

Â ðiçíèõ ïóáëiêàöiÿõ áàãàòîòî÷êîâi àïðîêñèìàíòè Ïàäå íàçèâàþòüñÿ òàêîæ ðàöiîíàëü-

íèìè iíòåðïîëÿíòàìè, àïðîêñèìàíòàìè Íüþòîíà�Ïàäå òà ií. Áàãàòîòî÷êîâi àïðîêñèìàí-

òè Ïàäå âèâ÷àëèñü â ðîáîòàõ À. Ãîí÷àðà òà Ë. Ãi¹ðìî Ëîïåñà [40,62,64,189], Â. Ðóñàêà

[89,90,92], �. Ðîâáè [85-87], Ë. Ôiëîçîôà [105]. Äèâ. òàêîæ [145,202,208,228].
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Îçíà÷åííÿ 3. Íåõàé F = {fλ}Λλ=1 � íàáið àíàëiòè÷íèõ â îêîëi òî÷êè z = 0 ôóíê-

öié, à N òà M � âåêòîðè ç íåâiä'¹ìíèìè öiëèìè êîîðäèíàòàìè: N = (n1, n2, . . . , nΛ),

M = (m1,m2, . . . ,mΛ). Ñóìiñíèìè àïðîêñèìàíòàìè Ïàäå íàáîðó F iíäåêñó R = [M,N ]

íàçèâàþòüñÿ ðàöiîíàëüíi ïîëiíîìè

[M/N ]
(λ)
F (z) ∈ R[mλ/|N |],

λ = 1,Λ, äå |N | = n1 + n2 + · · · + nΛ, ç äåÿêèì ñïiëüíèì çíàìåííèêîì QN(z) ñòåïåíÿ |N |,
äëÿ ÿêèõ âèêîíóþòüñÿ àñèìïòîòè÷íi ðiâíîñòi

fλ(z)− [M/N ]
(λ)
F (z) = O(znλ+mλ+1)

ïðè z → 0, λ = 1,Λ.

Îçíà÷åííÿ 4. Íåõàé F = {fλ}Λλ=1, Λ ≥ 2 � íàáið àíàëiòè÷íèõ â îêîëi òî÷êè z = 0

ôóíêöié, à M � âåêòîð ç íåâiä'¹ìíèìè öiëèìè êîîðäèíàòàìè M = (m1,m2, . . . ,mΛ),

|M | = m1 + m2 + · · · + mΛ. Ïîëiíîìàìè Ïàäå�Åðìiòà íàáîðó F iíäåêñó [M ] íàçèâàþòü-

ñÿ àëãåáðà¨÷íi ìíîãî÷ëåíè [M ]
(λ)
F (z) ñòåïåíiâ, ùî íå ïåðåâèùóþòü mλ, λ = 1,Λ, ÿêi íå

äîðiâíþþòü òîòîæíî íóëåâi îäíî÷àñíî, òîáòî

deg[M ]
(λ)
F ≤ mλ,

Λ∑
λ=1

∣∣∣[M ]
(λ)
F (z)

∣∣∣ ̸≡ 0,

i òàêi, ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

Λ∑
λ=1

fλ(z)[M ]
(λ)
F (z) = O(z|M |+Λ−1)

ïðè z → 0.

Âïåðøå çàäà÷à, ÿêà ôàêòè÷íî ïðèçâåëà äî ïîáóäîâè ñóìiñíèõ àïðîêñèìàíò Ïàäå òà

àïðîêñèìàíò Ïàäå�Åðìiòà ñèñòåìè åêñïîíåíò {eλz}Λλ=1, áóëà ïîñòàâëåíà i ðîçâ'ÿçàíà ôðàí-

öóçüêèì ìàòåìàòèêîìØ. Åðìiòîì [173] ó çâ'ÿçêó ç ïèòàííÿì ïðî òðàíñöåíäåíòíiñòü ÷èñëà

e. Äëÿ âèïàäêó íàáîðó ìàðêîâñüêèõ ôóíêöié, íîñi¨ ÿêèõ âçà¹ìíî íå ïåðåòèíàþòüñÿ, ñóìiñíi

àïðîêñèìàíòè Ïàäå áóëè âèâ÷åíi â ðîáîòi Ì. Àíæåëåñêî [115]. Ñó÷àñíà ôîðìàëüíà òåîðiÿ

ñóìiñíèõ àïðîêñèìàöié Ïàäå ïîáóäîâàíà â ïðàöÿõ Ê. Ìàëåðà [204], Äæ. Êîàòñà [146] òà

Ã. Äæàãåðà [183]. Âàãîìèé âíåñîê ó âèâ÷åííÿ ñóìiñíèõ àïðîêñèìàöié Ïàäå òà àïðîêñèìàöié

Ïàäå-Åðìiòà áóëî çðîáëåíî �. Íiêiøiíèì [72-74] òà Â. Ñîðîêiíèì [93-97], À. Ãîí÷àðîì òà

�. Ðàõìàíîâèì [41,43], Î. Àïòåêàð¹âèì [1-3,116,117], Â. Êàëÿãiíèì [57,184], Â. Ïàðóñíèêî-

âèì [77], Ì.äå Áðþiíîì [132-135], Ì.äå Áðþiíîì, Ê. Äðàéâåð òà Ä. Ëþáiíñüêèì [136,137],

Ã. ×óäíîâñüêèì [142-144], Äæ. Íàòîëëîì [209,210], Â. Áåêåðìàíîì òà Äæ. Ëàáàíîì [126]

òà ií. Äèâ. òàêîæ [69,107,123,124,139,140,147,148,153-156,230].
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� 2. Çàñòîñóâàííÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäîâè òà âèâ÷åííÿ ñóìiñ-

íèõ àïðîêñèìàöié Ïàäå

Ìåòîä óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü, ÿê âñòàíîâëåíî â [19], ìîæå áóòè çàñòîñî-

âàíèì i äî âèâ÷åííÿ ñóìiñíèõ àïðîêñèìàíò Ïàäå. Ñïåðøó ââåäåìî äîäàòêîâå îçíà÷åííÿ.

Îçíà÷åííÿ 5 (äèâ. [72]). Íåõàé F = {fλ(z)}Λλ=1 - íàáið àíàëiòè÷íèõ â îêîëi òî÷êè z = 0

ôóíêöié. Áóäåìî ãîâîðèòè, ùî äëÿ íàáîðó F iíäåêñ R = [M/N ], M = (m1,m2, . . . ,mΛ),

N = (n1, n2, . . . , nΛ) ¹ íîðìàëüíèì, ÿêùî ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó F iíäåêñó R

iñíóþòü i ¨õ çíàìåííèê QN(z) ìà¹ ñòåïiíü â òî÷íîñòi |N | = n1 + n2 + . . .+ nΛ.

Òåîðåìà 1 [19]. Íåõàé F - íàáið àíàëiòè÷íèõ â îêîëi òî÷êè z = 0 ôóíêöié fλ(z), λ = 1, λ,

êîæíà ç ÿêèõ ó âêàçàíîìó îêîëi çîáðàæóâàíà ñòåïåíåâèì ðÿäîì

fλ(z) =
∞∑
k=0

s
(λ)
k zk,

ïðè÷îìó äëÿ ïîñëiäîâíîñòåé {s(λ)k }∞k=0, λ = 1,Λ, ìàþòü ìiñöå óçàãàëüíåíi ìîìåíòíi çîáðà-

æåííÿ íà äîáóòêó ëiíiéíèõ ïðîñòîðiâ X × Y âèãëÿäó

s
(λ)
k+j =

⟨
x
(λ)
k , yj

⟩
, k, j = 0,∞. (1)

Òîäi, ÿêùî äëÿ äåÿêîãî iíäåêñó R = [M/N ], M = (m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ),

òàêîãî ùî mλ ≥ |N | − 1, λ = 1,Λ, iñíó¹ íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì

YN =

|N |∑
j=0

c
(R)
j yj, c

(R)
0 ̸= 0, c

(R)
|N | ̸= 0,

äëÿ ÿêîãî âèêîíóþòüñÿ ñïiââiäíîøåííÿ áiîðòîãîíàëüíîñòi⟨
x
(λ)
k+mλ−|N |+1, YN

⟩
= 0, k = 0, nλ − 1, λ = 1,Λ,

òî iíäåêñ R ¹ íîðìàëüíèì, i ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó F iíäåêñó R ìîæóòü áóòè

çîáðàæåíi ó âèãëÿäi

[M/N ]
(λ)
F (z) =

Pmλ
(z)

QN(z)
, λ = 1,Λ,

äå

QN(z) =

|N |∑
k=0

c
(R)
k z|N |−k,

Pmλ
(z) =

|N |∑
j=0

c
(R)
j z|N |−j

mλ+j−|N |∑
p=0

s(λ)p zp, λ = 1,Λ.
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Äîâåäåííÿ. Ç (1) ìà¹ìî

s
(λ)
k+mλ−|N |+1+j =

⟨
x
(λ)
k+mλ−|N |+1, yj

⟩
, k, j = 0,∞. (2)

Ðîçãëÿíåìî òâiðíi ôóíêöi¨ ëiâî¨ òà ïðàâî¨ ÷àñòèíè (2). Îòðèìà¹ìî, ç îäíîãî áîêó,

∞∑
k=0

s
(λ)
k+mλ−|N |+1+jz

k =

fλ(z)−
mλ−|N |+j∑

k=0

s
(λ)
k zk

zmλ−|N |+j+1
, (3)

ç iíøîãî áîêó,
∞∑
k=0

⟨
x
(λ)
k+mλ−|N |+1, yj

⟩
zk =

⟨
∞∑
k=0

x
(λ)
k+mλ−|N |+1, yj

⟩
. (4)

Òåïåð ïîìíîæèìî (3) òà (4) íà c
(R)
j i ïðîñóìó¹ìî çà j âiä 0 äî |N |. Áóäåìî ìàòè

|N |∑
j=0

fλ(z)−
mλ−|N |+j∑

k=0

s
(λ)
k zk

zmλ−|N |+j+1
=

= fλ(z)

|N |∑
j=0

c
(R)
j z|N |−1−j−mλ −

|N |∑
j=0

c
(R)
j z|N |−1−j−mλ

mλ−|N |+j∑
k=0

s
(λ)
k zk. (5)

Ç iíøîãî áîêó, äiñòàíåìî

|N |∑
j=0

c
(R)
j

⟨
∞∑
k=0

x
(λ)
k+mλ−|N |+1, yj

⟩
=

⟨
∞∑
k=0

x
(λ)
k+mλ−|N |+1, YN

⟩
= O(znλ (6)

ïðè z → 0, λ = 1,Λ. Ñïiâñòàâëÿþ÷è (5) òà (6), îòðèìà¹ìî

fλ(z)QN(z)− Pmλ
(z) = O

(
zmλ+nλ+1

)
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 1. Ó âèïàäêó, êîëè óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ (1) ìîæóòü áóòè

çàïèñàíi ó âèãëÿäi

s
(λ)
k =

⟨
Akx

(λ)
0 , y0

⟩
, k = 0,∞,

âiäïîâiäíi ïîõèáêè àïðîêñèìàöi¨ ïðè äîäàòêîâèõ ïðèïóùåííÿõ ïðî çáiæíiñòü ðÿäiâ, ÿê

ëåãêî áà÷èòè ç (1.21), ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

fλ(z)− [M/N ]
(λ)
F (z) =

znλ+mλ+1

QN(z)

⟨
R#

z (A)xmλ−|N |+1, YN
⟩
.
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Ðîçãëÿíåìî òåïåð íàáið âèðîäæåíèõ ãiïåðãåîìåòðè÷íèõ ôóíêöié

F =

{
1F1(1; νλ + 1; z)− 1

z

}Λ

λ=1

, νλ > −1, λ = 1,Λ.

Òåîðåìà 2 [19]. Äëÿ ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó ôóíêöié

F = {fλ(z)}Λλ=1 =

{
1F1(1; νλ + 1; z)− 1

z

}Λ

λ=1

,

νλ − νµ /∈ Z ïðè λ ̸= µ, νλ > −1, λ = 1,Λ, áóäü-ÿêèé iíäåêñ R = [M/N ], M =

(m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ), òàêèé ùî mλ+1 ≥ |N | = n1+n2+ . . .+nΛ, λ = 1,Λ, ¹

íîðìàëüíèì. Ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó F âêàçàíèõ iíäåêñiâ ðiâíîìiðíî çáiãàþòü-

ñÿ äî ôóíêöié fλ(z), λ = 1,Λ, íà êîæíîìó êîìïàêòi êîìïëåêñíî¨ ïëîùèíè ïðè |N | → ∞.

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ïîáóäîâàíèìè íàìè â òåîðåìi 2.2 óçàãàëüíåíèìè ìîìåíòíè-

ìè çîáðàæåííÿìè ïîñëiäîâíîñòåé êîåôiöi¹íòiâ ñòåïåíåâèõ ðîçêëàäiâ ôóíêöié fλ(z)

s
(λ)
k+j =

1∫
0

tk+νλ

(νλ + 1)k
· (1− t)j

j!
dt, k, j = 0,∞, λ = 1,Λ.

Ââåäåìî ùå îäíå îçíà÷åííÿ.

Îçíà÷åííÿ 6. [72]. Ñèñòåìó ôóíêöié {uλ(t)}Λλ=1 ⊂ C[0, 1] áóäåìî íàçèâàòè AT -ñèñòåìîþ

äëÿ íàáîðó öiëèõ ÷èñåë r1, r2, . . . , rΛ, òàêèõ ùî rλ ≥ −1, λ = 1,Λ, ÿêùî ïðè áóäü-ÿêîìó

âèáîði àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ A1(t), A2(t), . . . , AΛ(t), degAλ(t) ≤ rλ, λ = 1,Λ (ÿêùî

rλ = −1, òî ââàæà¹ìî Aλ(t) ≡ 0), ôóíêöiÿ

A1(t)u1(t) + A2(t)u2(t) + . . .+ AΛ(t)uΛ(t)

ìà¹ íà [0, 1] íå áiëüøå, íiæ r1 + r2 + . . .+ rΛ + Λ− 1 íóëiâ.

Ëåãêî ïåðåêîíàòèñÿ, ùî ñèñòåìà ôóíêöié {tνλ}Λλ=1 , νλ − νµ /∈ Z ïðè λ ̸= µ, ¹ AT -

ñèñòåìîþ äëÿ áóäü-ÿêîãî íàáîðó r1, r2, . . . , rΛ. À òîìó, êîðèñòóþ÷èñü ìiðêóâàííÿìè, çà-

ñòîñîâàíèìè ïðè äîâåäåííi òåîðåìè 3.3, ïðèõîäèìî äî âèñíîâêó, ùî äëÿ êîæíîãî iíäåêñó

R = [M/N ], M = (m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ), òàêîãî ùî mλ + 1 ≥ |N |, λ = 1,Λ,

iñíó¹ íåòðèâiàëüíèé ïîëiíîì

YN(t) =

|N |∑
j=0

c
(R)
j

(1− t)j

j!
,

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

1∫
0

tk+mλ−|N |+1+νλ

(νλ + 1)k+mλ−|N |+1

YN(t)dt = 0, k = 0, nλ − 1, λ = 1,Λ.
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Êðiì òîãî, îñêiëüêè çãiäíî ç òèìè æ ìiðêóâàííÿìè ïîëiíîì YN(t) ìà¹ âñi ñâî¨ |N | íóëiâ â
iíòåðâàëi (0, 1), òî c

(R)
0 ̸= 0 i c

(R)
|N | ̸= 0. À òîìó íà îñíîâi òåîðåìè 1 ìîæíà çðîáèòè âèñíîâîê,

ùî iíäåêñ R ¹ íîðìàëüíèì. Äàëi, àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñÿ ïðè äîâåäåííi òåîðåìè

4.3, íåâàæêî âñòàíîâèòè, ùî äëÿ êîæíîãî êîìïàêòà K ⊂ C, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà

N0 ∈ N, âñi çíàìåííèêè ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó F iíäåêñiâ R = [M/N ], mλ +

1 ≥ |N |, |N | ≥ N0, íå ìàòèìóòü êîðåíiâ íà K. Äëÿ ïîäàëüøîãî äîâåäåííÿ âèêîðèñòà¹ìî

íàñòóïíèé äîïîìiæíèé ðåçóëüòàò.

Ëåìà 1 [19]. Íåõàé äëÿ íàáîðó ôóíêöié F = {fλ(z)}Λλ=1 iíäåêñ R = [M/N ], M =

(m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ), ¹ íîðìàëüíèì. Òîäi äëÿ ïîõèáîê ñóìiñíèõ àïðîê-

ñèìàöié Ïàäå iíäåêñó R ìà¹ ìiñöå àíàëîã iíòåðïîëÿöiéíî¨ ôîðìóëè Åðìiòà

fλ(z)− [M/N ]
(λ)
F (z) =

1

2πi

∫
Γλ

(
z

ξ

)mλ+|N |+1

fλ(ξ)
QN(ξ)

QN(z)

dξ

ξ − z
, λ = 1,Λ, (7)

äå QN(z) - çíàìåííèê ñóìiñíèõ àïðîêñèìàíò Ïàäå, Γλ - êóñêîâî-ãëàäêèé êîíòóð, ùî îõî-

ïëþ¹ ïî÷àòîê êîîðäèíàò i çíàõîäèòüñÿ âñåðåäèíi îáëàñòi àíàëiòè÷íîñòi ôóíêöi¨ fλ(z),

λ = 1,Λ.

Íåõàé òåïåð äîâiëüíèé êîìïàêò K êîìïëåêñíî¨ ïëîùèíè ìiñòèòüñÿ â êðóçi Kr = {z :

|z| ≤ r} äîñèòü âåëèêîãî ðàäióñà r > 0. Âèáåðåìî òàêå N0 ∈ N, ùî ∀|N | ≥ N0 íóëi

çíàìåííèêiâ QN(z) ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó F iíäåêñó R = [M/N ] çíàõîäÿòüñÿ

ïîçà êîëîì K8r. Äëÿ îòðèìàííÿ íåîáõiäíî¨ îöiíêè ñêîðèñòà¹ìîñÿ ôîðìóëîþ (7) ç Γλ =

∂K2r = Γ2r. Ïðè z ∈ Kr áóäåìî ìàòè∣∣∣fλ(z)− [M/N ]
(λ)
F (z)

∣∣∣ ≤ 1

2π

(
1

2

)|N |+mλ+1

sup
ζ∈K2r

|fλ(ζ)|×

× sup
zµ∈C\K8r,

µ=1,|N|

sup
ξ∈K2r

|ξ − z1| · . . . · |ξ − z|N ||

inf
z∈Kr

|z − z1| · . . . · |z − z|N ||
1

r
2πr.

Çàçíà÷èìî, ùî, ÿêùî |ξ − zµ| ≤ 7r, òî

|ξ − zµ|
inf
z∈Kr

|z − zµ|
≤ 1,

ÿêùî æ |ξ − zµ| > 7r, òî

|z − zµ| ≥ |ξ − zµ| − |ξ − z| ≥ |ξ − zµ| − 3r,

i îòîæ, ∣∣∣∣ξ − zµ
z − zµ

∣∣∣∣ ≤ |ξ − zµ|
|ξ − zµ| − 3r

≤ 1 +
3r

4r
=

7

4
.
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Òàêèì ÷èíîì, ∣∣∣fλ(z)− [M/N ]
(λ)
F (z)

∣∣∣ ≤ (7

8

)|N |(
1

2

)mλ+1

sup
ζ∈K2r

|fλ(ζ)| → 0

ïðè |N | → ∞, ùî i òðåáà áóëî äîâåñòè.

Íàâåäåìî ùå îäèí ðåçóëüòàò, ùî ñòîñó¹òüñÿ ïîâåäiíêè çíàìåííèêiâ ñóìiñíèõ àïðîêñè-

ìàíò Ïàäå âèðîäæåíèõ ãiïåðãåîìåòðè÷íèõ ôóíêöié.

Òåîðåìà 3 [22]. Çíàìåííèêè ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó âèðîäæåíèõ ãiïåðãåî-

ìåòðè÷íèõ ôóíêöié

F =

{
1F1(1; νλ + 1; z)− 1

z

}Λ

λ=1

,

νλ = ν1 +
λ−1
Λ
, λ = 1,Λ, ν1 > −1, iíäåêñiâ [Ñ/N ], äå Ñ = (|N | − 1, |N | − 1, . . . , |N | − 1),

N = (n1, n2, . . . , nΛ), à

nλ =


[
|N |
Λ

]
+ 1 ïðè λ = 1,Λ,[

|N |
Λ

]
ïðè λ = 1,Λ,

äå m - îñòà÷à âiä äiëåííÿ |N | íà Λ, ðiâíîìiðíî çáiãàþòüñÿ ïðè |N | → ∞ íà êîæíîìó

êîìïàêòi K ⊂ C
1

|N |!
QN(z) → exp

{((
Λ

Λ + 1

)Λ

− 1

)
z

}
.

Äîâåäåííÿ. Âèêîðèñòà¹ìî íàñòóïíèé äîïîìiæíèé ðåçóëüòàò.

Ëåìà 2 [22]. Íåõàé {XM(t)}∞M=0 - ïîñëiäîâíiñòü àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ âèãëÿäó

XM(t) =
M∑
k=0

c
(M)
k

tk

k!
, c

(M)
M = 1

òàêèõ, ùî âñi ¨õ êîðåíi t
(M)
k , k = 1,M, ëåæàòü â iíòåðâàëi (0, 1), i ïðè öüîìó

αM =
t
(M)
1 + t

(M)
2 + . . .+ t

(M)
M

M
→ κ

ïðè M → ∞. Òîäi äëÿ ìíîãî÷ëåíiâ

QM(z) =
M∑
k=0

c
(M)
k zM−k

ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C âèêîíóþòüñÿ ãðàíè÷íi ñïiââiäíîøåííÿ

1

M !
QM(z) → exp{−κz}.
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Äîâåäåííÿ ëåìè. Î÷åâèäíî, ìíîãî÷ëåíè XM(t) ìîæíà çîáðàçèòè ó âèãëÿäi

XM(t) =
M∏
k=1

(
t− t

(M)
k

)
.

Òàêèì ÷èíîì,

c
(M)
k = k!(−1)M−kσM−k,

äå

σk =
M∑

i1=1

i1−1∑
i2=1

. . .

ik−1−1∑
ik=1

t
(M)
i1

t
(M)
i2

· . . . · t(M)
ik

, k = 1,M,

σ0 = 1.

Ïðè êîæíîìó M = 0,∞ ïîáóäó¹ìî äîïîìiæíi ôóíêöi¨

uM(z) = exp{−αMz},

vM(z) =
1

M !
QM(z)− uM(z).

Î÷åâèäíî, îáèäâi ôóíêöi¨ ¹ àíàëiòè÷íèìè ó âñié êîìïëåêñíié ïëîùèíi. Ïîêàæåìî, ùî

|vM(z)| → 0 ïðè M → ∞ ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C. Ìà¹ìî

1

M !
QM(z) =

1

M !

M∑
k=0

c
(M)
k zM−k =

1

M !

M∑
k=0

k!(−1)M−kσM−kz
M−k =

1

M !

M∑
k=0

(M − k)!(−z)kσk.

Îòæå,

vM(z) =
M∑
k=0

(M − k)!

M !
(−z)kσk −

M∑
k=0

(−z)k

k!
αk
M −

∞∑
k=M+1

(−z)k

k!
αk
M .

Ïîçíà÷èìî

εM+1 := −
∞∑

k=M+1

(−z)k

k!
αk
M .

Î÷åâèäíî, εM+1 ìîæíà íà êîæíîìó êîìïàêòi îöiíèòè çâåðõó âåëè÷èíîþ, ùî ïðÿìó¹ äî

íóëÿ ïðèM → ∞ i íå çàëåæèòü âiä ðîçòàøóâàííÿ êîðåíiâ t
(M)
1 , t

(M)
2 , . . . , t

(M)
M . Òàêèì ÷èíîì,

vM(z) =
M∑
k=0

(−z)k
(
(M − k)!

M !
σk −

αk
M

k!

)
+ εM+1.

Ïîçíà÷èìî òàêîæ

τM,k :=
(M − k)!

M !
σk −

αk
M

k!
, k = 0,M.

Ëåãêî áà÷èòè, ùî

τM,0 = τM,1 = 0,
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τM,k =
(M − k)!Mk−1k!σk − (M − 1)!(t

(M)
1 + t

(M)
2 + . . .+ t

(M)
M )k

M !Mk−1k!
=

= (M − k)!
k!σk − (t

(M)
1 + t

(M)
2 + . . .+ t

(M)
M )k

M !k!
−

−((M − 1)!−Mk−1(M − k)!)(t
(M)
1 + t

(M)
2 + . . .+ t

(M)
M )k

M !Mk−1k!
= ωM,k − ρM,k, k = 2,M.

Ùîá íàëåæíèì ÷èíîì îöiíèòè ωM,k, çàçíà÷èìî, ùî ñåðåä Mk äîäàíêiâ, ùî ñêëàäàþòü(
t
(M)
1 + t

(M)
2 + . . .+ t

(M)
M

)k
¹ M(M − 1) · . . . · (M − k+1) = M !

(M−k)!
øòóê, ñóìà ÿêèõ äîðiâíþ¹

k!σk. Òàêèì ÷èíîì, â ÷èñåëüíèêó ïiñëÿ ñêîðî÷åííÿ çàëèøèòüñÿMk− M !
(M−k)!

äîäàíêiâ, êîæåí

ç ÿêèõ ïî ìîäóëþ íå ïåðåâèùó¹ îäèíèöi. Ìà¹ìî

|ωM,k| ≤
Mk − M !

(M−k)!

M !k!
(M − k)! =

1

k!

{
Mk−1

(M − 1)(M − 2) · . . . · (M − k + 1)
− 1

}
.

Îöiíèìî |ρM,k|

|ρM,k| =
∣∣∣∣(M − k)!((M − 1)(M − 2) · . . . · (M − k + 1)−Mk−1)

M !Mk−1k!
(t

(M)
1 + t

(M)
2 + . . .+ t

(M)
M )k

∣∣∣∣ ≤
≤ 1

k!

{
Mk−1

(M − 1)(M − 2) · . . . · (M − k + 1)
− 1

}
.

Òàêèì ÷èíîì,

|τM,k| ≤
2

k!

{
Mk−1

(M − 1)(M − 2) · . . . · (M − k + 1)
− 1

}
→ 0

ïðè M → ∞, çâiäêè i âèïëèâà¹ òâåðäæåííÿ ëåìè.

Ðîçãëÿíåìî òåïåð ïîñëiäîâíiñòü àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ X|N |(t) çi ñòàðøèìè êîåôi-

öi¹íòàìè, ùî äîðiâíþþòü 1, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

1∫
0

X|N |(t)t
j+νλdt = 0, j = 0, nλ − 1, λ = 1,Λ.

Çàïèøåìî X|N |(t) â íàñòóïíîìó âèãëÿäi:

X|N |(t) = t|N | + |N |α|N |t
|N |−1 + U|N |−2(t), (8)

äå U|N |−2(t) - àëãåáðà¨÷íèé ìíîãî÷ëåí ñòåïåíi ≤ |N | − 2. Ïîáóäó¹ìî óçàãàëüíåíèé ïîëiíîì

A|N |−1(t) =
Λ∑

λ=1

nλ−1∑
j=0

d
(N,λ)
j tj+νλ =

|N |−1∑
j=0

d
(N)
j tkj , (9)
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äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè
1∫

0

tjA|N |−1(t)dt = 0

ïðè j = 0, |N | − 2. Ïðè νλ − νµ /∈ Z äëÿ λ ̸= µ òàêèé ïîëiíîì äiéñíî iñíó¹ i ìà¹ â iíòåðâàëi

(0, 1) â òî÷íîñòi |N |−1 ïðîñòèé êîðiíü. Ïîìíîæèìî (8) íà A|N |−1(t) i äîáóòîê ïðîiíòåãðó¹ìî

íà [0, 1] çà ìiðîþ dt. Îòðèìà¹ìî

1∫
0

(
t|N | + |N |α|N |t

|N |−1
)
A|N |−1(t)dt = 0,

çâiäêè

|N |α|N | = −

1∫
0

t|N |A|N |−1(t)dt

1∫
0

t|N |−1A|N |−1(t)dt

. (10)

Iíòåãðóþ÷è ÷àñòèíàìè, çíàõîäèìî

1∫
0

t|N |A|N |−1(t)dt = (−1)|N |−1|N |!
1∫

0

tψ|N |(t)dt,

äå

ψ|N |(t) =

t∫
0

t1∫
0

. . .

t|N|−2∫
0

A|N |−1(t|N |−1|)dt|N |−1 · . . . · dt2dt1 =

= (−1)|N |−2

t∫
0

τ |N |−2

(|N | − 2)!
A|N |−1(τ)dτ.

Àíàëîãi÷íî,
1∫

0

t|N |−1A|N |−1(t)dt = (−1)|N |−1(|N | − 1)!

1∫
0

ψ|N |(t)dt.

Òàêèì ÷èíîì,

α|N | =

1∫
0

tψ|N |(t)dt

1∫
0

ψ|N |(t)dt

.

Ç (9) òà (10) îòðèìà¹ìî

(−1)|N |−2(|N | − 2)!ψ|N |(t) =

|N |−1∑
j=0

d
(N)
j

t|N |−1+kj

|N | − 1 + kj
= t|N |−1+k0

|N |−1∑
j=0

d
(N)
j

tkj−k0

|N | − 1 + kj
.
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Çàçíà÷èìî, ùî ïðè νλ − νµ /∈ Z ñèñòåìà ôóíêöié {tνλ}Λλ=1 áóäå AT -ñèñòåìîþ íà [0, 1 + ε]

ïðè äåÿêîìó ε > 0, ïðè÷îìó áóäü-ÿêèé ìíîãî÷ëåí âèãëÿäó (9) áóäå ìàòè íå áiëüøå |N |− 1

êîðåíiâ â iíòåðâàëi (0, 1+ ε) ç âðàõóâàííÿì êðàòíîñòi. Àëå ëåãêî ïåðåêîíàòèñÿ, ùî ψ|N |(t)

ìà¹ â òî÷öi t = 1 êîðiíü êðàòíîñòi |N | − 1. Îòæå, ç òî÷íiñòþ äî ïîñòiéíîãî ìíîæíèêà

ψ|N |(t) ìàòèìå âèãëÿä

ψ|N |(t) = t|N |−1+k0×

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1

0 k1 − k0 k2 − k0 . . . k|N |−1 − k0

0 (k1 − k0)(k1 − k0 − 1) (k2 − k0)(k2 − k0 − 1) . . . (k|N |−1 − k0)(k|N |−1 − k0 − 1)

. . . . . . .

. . . . . . .

1 tk1−k0 tk2−k0 . . . tk|N|−1−k0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Çîêðåìà, êîëè kj − k0 =
j
Λ
, j = 0, |N | − 1, áóäåìî ìàòè

ψ|N |(t) = t|N |−1+k0
(
t1/Λ − 1

)|N |−1
.

Òîäi îòðèìà¹ìî

α|N | =

1∫
0

t|N |+k0
(
t1/Λ − 1

)|N |−1
dt

1∫
0

t|N |−1+k0 (t1/Λ − 1)
|N |−1

dt

=

=

1∫
0

uΛ(|N |+k0)(u− 1)|N |−1uΛ−1du

1∫
0

uΛ(|N |+k0−1)(u− 1)|N |−1uΛ−1du

=

=
Γ(Λ(|N |+ k0) + 1)Γ(|N |)Γ(Λ(|N |+ k0) + |N |)
Γ(Λ(|N |+ k0) + 1 + |N |)Γ(|N |)Γ(Λ(|N |+ k0))

=

=
Λ(|N |+ k0)(Λ(|N |+ k0) + 1) · . . . · (Λ(|N |+ k0) + Λ− 1)

(Λ(|N |+ k0) + |N |)(Λ(|N |+ k0) + |N |+ 1) · . . . · (Λ(|N |+ k0) + |N |+ Λ− 1)
.

Çâiäñè ìà¹ìî

lim
|N |→∞

α|N | =

(
Λ

Λ + 1

)Λ

,

à çíà÷èòü ñåðåäíi àðèôìåòè÷íi êîðåíiâ áiîðòîãîíàëüíîãî ïîëiíîìà YN(1− t) ïðÿìóþòü äî

1−
(

Λ
Λ+1

)Λ
, i òîìó íà îñíîâi ëåìè 2 ìè îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ 2. Òåîðåìè 2-3 áóëè íåçàëåæíî iíøèì øëÿõîì îòðèìàíi Ì. äå Áðþiíîì

[129,132].

Ðîçãëÿíåìî òåïåð ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó ôóíêöié òèïó Ìiòòàã-Ëåôôëåðà.
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Òåîðåìà 4 [30]. Äëÿ ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó ôóíêöié òèïó Ìiòòàã-

Ëåôôëåðà

F = {Eρ(z, νλ)}Λλ=1 ,

ρ(νλ − νµ) /∈ Z ïðè λ ̸= µ, νλ > 0, λ = 1,Λ, ρ > 0, áóäü-ÿêèé iíäåêñ R = [M/N ], M =

(m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ), òàêèé ùî mλ+1 ≥ |N | = n1+n2+ . . .+nΛ, λ = 1,Λ,

¹ íîðìàëüíèì. Ïðè 0 < ρ ≤ 1 ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó F âêàçàíèõ iíäåêñiâ

ðiâíîìiðíî çáiãàþòüñÿ äî ôóíêöié íàáîðó F íà êîæíîìó êîìïàêòi êîìïëåêñíî¨ ïëîùèíè

ïðè |N | → ∞.

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåì 2-3.

Àíàëîãi÷íî ðîçãëÿäàþòüñÿ ñóìiñíi àïðîêñèìàíòè Ïàäå ôóíêöié, óçàãàëüíåíi ìîìåíòíi

çîáðàæåííÿ ÿêèõ áóëè ïîáóäîâàíi â òåîðåìi 2.12.

Òåîðåìà 5. Äëÿ ñóìiñíèõ àïðîêñèìàíò Ïàäå íàáîðó ôóíêöié

F =


∞∑
k=0

zk

k+1∏
m=1

(mq + νλqm−1)


Λ

λ=1

,

äå νµ ̸= q + q2 + . . . + qk + νλq
k, k = 0,∞, ïðè λ ̸= µ, νλ > −1, λ = 1,Λ, q ̸= 1, áóäü-ÿêèé

iíäåêñ R = [M/N ], M = (m1,m2, . . . ,mΛ), N = (n1, n2, . . . , nΛ), òàêèé ùî mλ + 1 ≥ |N | =
n1 + n2 + . . .+ nΛ, λ = 1,Λ, ¹ íîðìàëüíèì. Ïðè |q| > 1 ñóìiñíi àïðîêñèìàíòè Ïàäå íàáîðó

F âêàçàíèõ iíäåêñiâ ðiâíîìiðíî çáiãàþòüñÿ äî ôóíêöié íàáîðó F íà êîæíîìó êîìïàêòi

êîìïëåêñíî¨ ïëîùèíè ïðè |N | → ∞.

� 3. Çàñòîñóâàííÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäîâè òà âèâ÷åííÿ àïðîê-

ñèìàöié Ïàäå-×åáèøîâà

Àïðîêñèìàíòè Ïàäå-×åáèøîâà ¹ ÷àñòèííèì âèïàäêîì óçàãàëüíåíèõ àïðîêñèìàíò Ïàäå.

Ââåäåìî îçíà÷åííÿ, äåùî âiäìiííå âiä òîãî, ùî âèïëèâà¹ ç îçíà÷åííÿ 1.

Îçíà÷åííÿ 7. Íåõàé ôóíêöiÿ f ∈ C[−1, 1] ðîçâèâà¹òüñÿ â ðiâíîìiðíî çáiæíèé ðÿä Ôóð'¹-

×åáèøîâà âèãëÿäó

f(z) =
∞∑
k=0

skTk(z), (11)

äå Tk(z) = cos arccos z - ìíîãî÷ëåíè ×åáèøîâà ïåðøîãî ðîäó. Àïðîêñèìàíòîþ Ïàäå-

×åáèøîâà ôóíêöi¨ f ïîðÿäêó [M/N ] íàçèâà¹òüñÿ ðàöiîíàëüíèé ïîëiíîì

[M/N ]Tf (z) =
PM(z)

QN(z)
,

ñòåïiíü ÷èñåëüíèêà ÿêîãî íå ïåðåâèùó¹ M, à ñòåïiíü ÷èñåëüíèêà íå ïåðåâèùó¹ N, i òàêèé,
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ùî ìà¹ ìiñöå ðîçêëàä

f(z)QN(z)− PM(z) =
∞∑

k=M+N+1

τkTk(z).

Òåîðåìà 6 [29, 34]. Íåõàé ôóíêöiÿ f ðîçâèâà¹òüñÿ â ðiâíîìiðíî i àáñîëþòíî çáiæíèé

ðÿä Ôóð'¹-×åáèøîâà

f(z) =
∞∑
k=0

skTmk+n(z),

äå m ∈ N, n ∈ N ∪ {0}, i ïðè öüîìó äëÿ ïîñëiäîâíîñòi {sk}∞k=0 ìà¹ ìiñöå óçàãàëüíåíå

ìîìåíòíå çîáðàæåííÿ

sk+j = ⟨xk, yj⟩ , k, j = 0,∞,

íà äîáóòêó ëiíiéíèõ ïðîñòîðiâ X òà Y . Íåõàé, êðiì òîãî, ïðè äåÿêèõ M ≥ N, M,N ∈
N ∪ {0} ¹ âiäìiííèì âiä íóëÿ âèçíà÷íèê

∆[M/N ] = det ∥sM+1+k+j + sM+1+k−j∥Nk,j=0 ̸= 0.

Òîäi àïðîêñèìàíòà Ïàäå-×åáèøîâà ôóíêöi¨ f ïîðÿäêó [mM + n/mN ] iñíó¹ i ìà¹ çîáðà-

æåííÿ

[mM + n/mN ]Tf (z) =
PmM+n(z)

QmN(z)
,

äå

QmN(z) =
N∑
k=0

c
(N)
k Tmk(z), (12)

PmM+n(z) =
1

2

N∑
k=0

Tmk+n(z)
k∑

j=0

c
(N)
j sk−j +

1

2

N∑
k=0

Tmk+n(z)
k∑

j=k

c
(N)
j sj−k−

−1

2

−[−n/m]−1∑
k=0

Tmk+n(z)
N∑
j=0

c
(N)
j sj−k +

1

2

N∑
k=[−n/m]+1

Tmk+n(z)
N∑
j=0

c
(N)
j sk+j+

+
1

2

M∑
k=N+1

Tmk+n(z)
N∑
j=0

c
(N)
j (sk−j + sk+j),

à êîåôiöi¹íòè c
(N)
k , k = 0, N, âèçíà÷àþòüñÿ ç óìîâ áiîðòîãîíàëüíîñòi äëÿ óçàãàëüíåíîãî

ïîëiíîìà

XN =
N∑
k=0

c
(N)
k (xM+1+k + xM+1−k)

âèãëÿäó

⟨XN , yj⟩ = 0, j = 0, N − 1.
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Äîâåäåííÿ. Âðàõîâóþ÷è (11) òà (12), îòðèìà¹ìî

f(z)QmN(z) =
∞∑
k=0

skTmk+n(z)
N∑
j=0

c
(N)
j Tmj(z) =

=
1

2

N∑
j=0

c
(N)
j

∞∑
k=0

sk
(
Tm(k+j)+n(z) + T|m(k−j)+n|(z)

)
=

=
1

2

N∑
j=0

c
(N)
j

∞∑
k=j

sk−jTmk+n(z) +
1

2

N∑
j=0

c
(N)
j

[j−n/m]∑
k=0

skTm(j−k)−n(z)+

+
1

2

N∑
j=0

c
(N)
j

∞∑
k=[j−n/m]+1

skTm(k−j)+n(z) =

=
1

2

N∑
k=0

Tmk+n(z)
k∑

j=0

c
(N)
j sk−j +

1

2

∞∑
k=N+1

Tmk+n(z)
N∑
j=0

c
(N)
j sk−j+

+
1

2

N∑
k=0

Tmk+n(z)
N∑
j=k

c
(N)
j sj−k−

−1

2

−[−n/m]−1∑
k=0

Tmk+n(z)
N∑
j=0

c
(N)
j sj−k +

1

2

N∑
k=[−n/m]+1

Tmk+n(z)
N∑
j=0

c
(N)
j sk+j+

+
1

2

∞∑
k=N+1

Tmk+n(z)
N∑
j=0

c
(N)
j sk+j =

= PmM+n(z) +
1

2

∞∑
k=M+1

Tmk+n(z)
N∑
j=0

c
(N)
j (sk−j + sk+j) =

= PmM+n(z) +
1

2

∞∑
k=M+1

Tmk+n(z) ⟨XN , yk−M−1⟩ ,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè 6.

Òåîðåìà 7. [29, 34]. Àïðîêñèìàíòè Ïàäå-×åáèøîâà ôóíêöié, ùî ìàþòü çîáðàæåííÿ

f(z) =

β∫
α

Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
dµ(t),

äå n ∈ N ∪ {0}, m ∈ N, à µ(t) - íåñïàäíà ôóíêöiÿ, ùî ìà¹ íåñêií÷åííó êiëüêiñòü òî÷îê

çðîñòàííÿ íà ñåãìåíòi [α, β] ⊂ [−1, 1], ïîðÿäêiâ [mM + n/mN ], M ≥ N ≥ 0, ìàþòü çîáðà-

æåííÿ

[mM + n/mN ]Tf (z) =
PmM+n(z)

QmN(z)
,
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äå

QmN(z) =
1

2
UN(2Tm(z)),

PmM+n(z) =
1

2

β∫
α

(
Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
(UN(2Tm(z))− UN(t+ 1/t))+

+
M∑
k=0

tkTkm+n(z)UN(t+ 1/t)

)
dµ(t), (13)

à êîåôiöi¹íòè àëãåáðà¨÷íîãî ìíîãî÷ëåíà UN(t) âèçíà÷àþòüñÿ ç óìîâ áiîðòîãîíàëüíîñòi

äëÿ ïîëiíîìà XN(t) = tM+1UN(t+ 1/t) âèãëÿäó

β∫
α

tkXN(t)dµ(t) = 0, k = 0, N − 1.

Äîâåäåííÿ. Îñêiëüêè, ÿê âiäîìî (äèâ. [78, ñ.144])

Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
=

∞∑
k=0

Tkm+n(z)t
k,

òî

f(z) =
∞∑
k=0

skTkm+n(z),

äå

sk =

β∫
α

tkdµ(t).

Îòæå, ó âiäïîâiäíîñòi ç òåîðåìîþ 6, ùîá ïîáóäóâàòè àïðîêñèìàíòó Ïàäå-×åáèøîâà ôóíê-

öi¨ f ïîðÿäêó [mM + n/mN ], M ≥ N ≥ 0, íåîáõiäíî ïîáóäóâàòè áiîðòîãîíàëüíèé ïîëiíîì

XN(t) = tM+1

N∑
j=0

c
(N)
j

(
tj + t−j

)
,

ùî çàäîâîëüíÿ¹ óìîâè
β∫

α

tkXN(t)dµ(t) = 0, k = 0, N − 1.

Íåâàæêî áà÷èòè, ùî ïîëiíîì XN(t)/t
M+1 áóäå àëãåáðà¨÷íèì ìíîãî÷ëåíîì ñòåïåíÿ N âiä

çìiííî¨ t+ 1/t. Ïîçíà÷èìî éîãî ÷åðåç UN(w). Îòæå,

XN(t)

tM+1
= UN

(
t+

1

t

)
.
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Îñêiëüêè ñèñòåìè ôóíêöié {tk}Nk=0 òà {tM+1(t + 1/t)j}Nj=0 ¹ ÷åáèøîâñüêèìè íà [α, β], òî

çãiäíî ç òåîðåìîþ 3.3 íåâèðîäæåíà áiîðòîãîíàëiçàöiÿ ìîæëèâà. Êðiì òîãî, ïîëiíîì UN(t+

1/t) ìà¹ íà (α, β) ðiâíî N ïðîñòèõ íóëiâ. Ðîçãëÿíåìî òåïåð

UN(2Tm(z)) =
N∑
j=0

c
(N)
j

(
eimj arccos z + e−imj arccos z

)
= 2

N∑
j=0

c
(N)
j Tmj(z) = 2QmN(z).

Òàêèì ÷èíîì, çíàìåííèê àïðîêñèìàíòè Ïàäå-×åáèøîâà [mM + n/MN ]Tf (z) ìà¹ âèãëÿä

QmN(z) =
1

2
UN(2Tm(z)).

Êîðèñòóþ÷èñü (10) òà (12), îòðèìà¹ìî

f(z)QmN(z) = QmN(z)

β∫
α

Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
dµ(t) =

= QmN(z)


β∫

α

(
Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
−

M∑
k=0

tkTkm+n(z)

)
dµ(t) +

M∑
k=0

skTkm+n(z)

 =

=
1

2

β∫
α

(
Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
−

−
M∑
k=0

tkTkm+n(z)

)
UN(2Tm(z))dµ(t) +QmN(z)

M∑
k=0

skTkm+n(z) =

=
1

2

β∫
α

(
Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
−

M∑
k=0

tkTkm+n(z)

)
(UN(2Tm(z))− UN(t+ 1/t)) dµ(t)+

+
1

2

β∫
α

(
Tn(z)− tT|n−m|(z)

1− 2tTm(z) + t2
−

M∑
k=0

tkTkm+n(z)

)
UN(t+ 1/t)dµ(t)+

+
1

2

β∫
α

M∑
k=0

tkTkm+n(z)UN(2Tm(z))dµ(t),

çâiäêè i âèïëèâà¹ ôîðìóëà (13).

� 4. Çàñòîñóâàííÿ óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü äî ïîáóäîâè òà âèâ÷åííÿ äâî-

òî÷êîâèõ àïðîêñèìàöié Ïàäå

Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò, ùî äîçâîëÿ¹ çàñòîñóâàòè óçàãàëüíåíi ìîìåíòíi çîáðà-

æåííÿ äî äâîòî÷êîâèõ àïðîêñèìàöié Ïàäå.
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Òåîðåìà 8 [17]. Íåõàé ôóíêöiÿ f ¹ àíàëiòè÷íîþ â äåÿêié çâ'ÿçíié îáëàñòi D , ùî ìiñòèòü

òî÷êè z = 0 òà z = z0, i ðîçâèâà¹òüñÿ â öié îáëàñòi â ñòåïåíåâèé ðÿä

f(z) =
∞∑
k=0

skz
k,

i íåõàé äëÿ ïîñëiäîâíîñòi {sk}∞k=0 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó

ëiíiéíèõ ïðîñòîðiâ X òà Y

sk =
⟨
Akx0, y0

⟩
, k = 0,∞, (14)

ç ëiíiéíèì îïåðàòîðîì A : X → X , ðåçîëüâåíòíà ôóíêöiÿ ÿêîãî R#
z (A) = (I − zA)−1,

¹ àíàëiòè÷íîþ â îáëàñòi D . Íåõàé òàêîæ ïðè äåÿêèõ N,M ≥ 0 ¹ âiäìiííèì âiä íóëÿ

âèçíà÷íèê

H̃N,M = det ∥s̃k,j+M∥Nk,j=0 ̸= 0,

äå s̃k = ⟨x̃k, y0⟩ , à
x̃k =

(
R#

z0
(A)
)k+1

xk =
(
R#

z0
(A)
)k+1

Akx0.

Òîäi, ÿêùî ïîáóäóâàòè íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì

YN =
N∑
j=0

c̃
(N)
j yj =

N∑
j=0

c̃
(N)
j A∗jy0,

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi âèãëÿäó

⟨x̃k, YN⟩ = 0, k = 0, N − 1,

òî ðàöiîíàëüíèé ïîëiíîì

[(N +M,N)/N ]f (0, z0; z) =
PN+M(z)

QN(z)
,

äå

QN(z) =
N∑
j=0

c̃
(N)
j zN−j,

PN+M(z) =
N∑
j=0

c̃
(N)
j zN−j

j+M∑
m=0

smz
m,

¹ äâîòî÷êîâîþ àïðîêñèìàíòîþ Ïàäå iíäåêñó [(N +M,N)/N ] â òî÷êàõ 0 òà z0 ôóíêöi¨ f,

òîáòî ìàþòü ìiñöå ñïiââiäíîøåííÿ

f(z)− [(N +M,N)/N ]f (0, z0; z) =

{
O(zM+N) ïðè z → 0,

O
(
(z − z0)

N
)

ïðè z → z0.
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Ïîõèáêà àïðîêñèìàöi¨ ïðè öüîìó ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi

f(z)− [(N +M,N)/N ]f (0, z0; z) =
zN+M(z − z0)

N

QN(z)

⟨
R#

z (A)
(
R#

z0
(A)
)N

xN , YN

⟩
.

Äîâåäåííÿ. Âèõîäÿ÷è ç (14), çàïèøåìî

sk+j+M =
⟨
Akx0, yj+M

⟩
, k = 0,∞,

Ïîìíîæèìî êîæíó ÷àñòèíó öi¹¨ ðiâíîñòi íà zk, k = 0,∞, i ïðîñóìó¹ìî ¨õ ïî k âiä 0 äî ∞ :

∞∑
k=0

sk+j+Mz
k =

∞∑
k=j+M

skz
k−j−M =

f(z)−
j+M−1∑
k=0

skz
k

zj+M
,

∞∑
k=0

zk
⟨
Akx0, yj+M

⟩
=
⟨
R#

z (A)x0, yj+M

⟩
.

Ïîìíîæèìî öi ðiâíîñòi íà c̃
(N)
j , j = 0, N, i ïðîñóìó¹ìî ïî j âiä 0 äî N :

N∑
j=0

c̃
(N)
j

f(z)−
j+M−1∑
k=0

skz
k

zj+M
=

1

zj+M

{
f(z)

N∑
j=0

c̃
(N)
j zN−j −

N∑
j=0

c̃
(N)
j zN−j

j+M−1∑
k=0

skz
k

}
,

N∑
j=0

c̃
(N)
j

⟨
R#

z (A)x0, yj+M

⟩
=
⟨
R#

z (A)x0, YN
⟩
.

Îòæå,

f(z)QN(z)− PN+M(z) = zN+M
⟨
R#

z (A)x0, YN
⟩
.

Ðîçãëÿíåìî

R#
z (A) = (I−zA)−1 = (I − (z − z0)A− z0A)

−1 = (I−z0A)−1
(
I − (z − z0)(I − z0A)

−1A
)−1

=

= R#
z0
(A)

∞∑
k=0

(z − z0)
k
(
R#

z0
(A)
)k
Ak =

∞∑
k=0

(z − z0)
k
(
R#

z0
(A)
)k+1

Ak.

Ïðè óìîâàõ òåîðåìè ìà¹ìî

f(z)QN(z)− PN+M(z) = zN+M

⟨
∞∑

k=N

(z − z0)
k
(
R#

z0
(A)
)k+1

Akx0, YN

⟩
=

= zN+M(z − z0)
N

⟨
∞∑
k=0

(z − z0)
k
(
R#

z0
(A)
)k+N+1

Ak+Nx0, YN

⟩
=

= zN+M(z − z0)
N
⟨
R#

z (A)
(
R#

z0
(A)
)N

xN , YN

⟩
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Â [17] òàêîæ ïîáóäîâàíî òà âèâ÷åíî äâîòî÷êîâi àïðîêñèìàíòè Ïàäå âèðîäæåíî¨ ãiïåð-

ãåîìåòðè÷íî¨ ôóíêöi¨ 1F1(1; ν + 1; z).
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